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Abstract

This paper proposes a quadratic programming (QP) approach to robust model predictive control (MPC) for constrained linear systems
having both model uncertainties and bounded disturbances. To this end, we construct an additional comparison model for worst-case
analysis based on a robust control Lyapunov function (RCLF) for the unconstrained system (not necessarily an RCLF in the presence of
constraints). This comparison model enables us to transform the given robust MPC problem into a nominal one without uncertain terms.
Based on a terminal constraint obtained from the comparison model, we derive a condition for initial states under which the ultimate
boundedness of the closed loop is guaranteed without violating state and control constraints. Since this terminal condition is described by
linear constraints, the control optimization can be reduced to a QP problem.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Model predictive control (MPC), which determines online
the control input by solving a finite horizon open-loop con-
trol optimization problem, is one of the few tractable ways to
handle design problems having input and state constraints.
Robust MPC, which explicitly takes account of model un-
certainties, has been studied from the end of 1980s. (See
Bemporad & Morari (1999)andMayne, Rawling, Rao, &
Scokaert (2000)for overviews.) This paper is particularly
related to the state-space approaches (Lee & Yu , 1997;
Michalska & Mayne, 1993; Scokaert & Mayne, 1998) rather
than the early works based on impulse response models
(Allwright & Papavasiliou, 1992; Campo & Morari, 1987;
Zheng & Morari, 1993).
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One of the main difficulties in robust MPC for practical
use is the complexity of online optimal control problems.
Because of uncertain terms in prediction models, the opti-
mal control problem at each time step is typically described
as a min–max optimization problem subject to the condition
that given constraints are satisfied for all possible uncertain-
ties. Therefore, it might be more practical to simplify such
optimal control problems, even if we have to give up the
strictly optimal solution.
Computationally efficient constrained MPC methods in

the presence of model uncertainties have been proposed in
Kothare, Rossiter and Schuurmans (1996)andKouvaritakis,
Balakrishnan and Morari (2000). A key assumption in these
methods is that initial states belong to a robust invariant
set given by a linear or an affine state feedback law sat-
isfying given constraints inside the set. This assumption
enables simplification of the optimal control problems in
robust MPC, since prediction of future states is not re-
quired for ensuring robust stability. The price of this com-
putational improvement might be that the admissible initial
states are restricted to smaller sets compared with other ap-
proaches based on terminal conditions for predicted state
trajectories.
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In many other MPC methods, robust stability is guaran-
teed if predicted states at the terminal time belong to a ro-
bustly invariant set for all possible uncertainties. Two types
of methods, which require convex optimization instead of
min–max optimization, have been proposed based on poly-
hedral invariant sets (Lee & Kouvaritakis, 1999, 2000, 2002)
and ellipsoidal sets (Schuurmans & Rossiter , 2000), respec-
tively. A merit of using ellipsoidal invariant sets is that they
can be constructed more easily by using Lyapunov equa-
tions. An open problem of the existing method using ellip-
soidal invariant sets is that the optimal control problem is
still too complex, since the number of constraints increases
rapidly with the prediction horizon. Another limitation is
that it does not explicitly deal with disturbances.
In this paper, we propose a new robust MPCmethod based

on ellipsoidal invariant sets for constrained linear systems
with model uncertainties and disturbances. To predict the
worst case of the model uncertainties with modest increase
of constraints, we introduce a comparison model based on
a robust control Lyapunov function (RCLF) for the uncon-
strained system, which is not necessarily an RCLF in the
presence of constraints. This comparison model enables us
to transform the given robust MPC problem to a nominal
one without uncertain terms. Based on a terminal constraint
obtained from the comparison model, we derive a condition
for initial states under which the ultimate boundedness of the
closed loop is guaranteed without violating state and con-
trol constraints. Furthermore, since this terminal condition
is described as linear constraints, the control optimization
problem for the proposed method can be solved by standard
quadratic programming (QP) methods.

2. Problem formulation

Let ‖x‖ and‖x‖p denote the Euclidean andp-norms of
a vectorx, respectively. The symbolxi denotes theith ele-
ment of a vectorx. Let �(M) and‖M‖∞ denote the largest
singular value and the induced∞-norm of a matrixM. For
Hermitian matricesM, �(M) and�(M) denote the largest
and smallest eigenvalues, respectively. The notationM >0
means thatM is symmetric positive definite, andM1/2 de-
notes the unique positive definite square root ofM >0.
We consider linear systems:

ẋ = Ax + Bu + Bdd, x(0) = x0, (1)

whereA ∈ Rn×n, B ∈ Rn×m, Bd ∈ Rn×p, andx0 is a given
initial state. The constraints for the statex(t) ∈ Rn and the
controlu(t) ∈ Rm are described as

x(t) ∈ X, u(t) ∈ U ∀t�0,

X := {x ∈ Rn : |xi |��i ∀i},
U := {u ∈ Rm : |ui |��i ∀i} (2)

with given constant vectors� ∈ Rn and� ∈ Rm, while the
disturbanced(t) ∈ Rp, which consists of a state-dependent

uncertaintyd1(t) ∈ Rp1 and a bounded disturbanced2 ∈
Rp2, satisfies

d(t) := [dT1 (t), dT2 (t)]T ∈ D(x(t)) ∀t�0,

D(x) := D1(x) × D2,

D1(x) := {d1 ∈ Rp1 : ‖d1‖�‖x‖},
D2 := {d2 ∈ Rp2 : ‖d2‖�1}. (3)

Corresponding tod1 and d2, matricesBd1 ∈ Rn×p1 and
Bd2 ∈ Rn×p2 are defined such thatBd = [Bd1, Bd2].
We assume that a feedback gainK ∈ Rm×n and a

terminal set

Xf = {x ∈ Rn : V (x)�1} (4)

are given forV (x) := √
xTPx (P >0), such that the fol-

lowing conditions are satisfied.

Assumption 1.

Xf ⊂ X, Kx ∈ U ∀x ∈ Xf .

Assumption 2.

0�
√

�(P )
�2
�1

<1, �1>0,

where

�1 := �(Q) − 2�(PBd1), �2 := 2�(PBd2),

Q := −(PAc + AT
cP), Ac := A + BK.

Assumption 1 states that the given feedback controlu=Kx

always satisfies the constraints inXf , whereas Assumption
2 implies

sup
d∈D(x)

V̇ (x)<0 ∀x ∈ Xf \�, (5)

as verified in Section 3, where

� :=
{
x ∈ Rn : V (x)�

√
�(P )

�2
�1

}
.

Therefore, these assumptions, which are standard in robust
MPC (Mayne, Rowling, Rao, & Scokaert, 2000), show that
Xf is a robustly invariant set by using the feedback control
u = Kx. Note that (5) shows thatV (x) would be a RCLF,
if the system were not constrained.
Under these assumptions, our goal is to construct an MPC

method which guarantees the ultimate boundedness of the
closed loop without violating constraints for anyd(t) ∈
D(x(t))(t >0). To avoidmin–max optimization, our method
does not directly use the uncertain model (1), (3) in the
optimal control problem. Instead, we use a nominal model
of (1) and an additional model, which is constructed based
on the unconstrained RCLFV (x) and a priori information
in (3).
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3. Proposed MPC method

As mentioned in Section 2, we predict the statex(�) of
(1) based on the nominal model which is as follows:

˙̂x = Ax̂ + Bû, x̂(t |t) = x(t), (6)

wherex̂(�|t) denotes the predicted value ofx(�) at the cur-
rent timet. For robustness analysis of the closed loop, it is
necessary to estimate prediction error bounds ofx̂ due to
the disturbance termd in (1). The predicted control̂u(�|t)
in (6) has the form

û = Kx̂ + ũ, (7)

whereũ(�|t) is an open-loop trajectory andK is the feedback
gain given in Section 2. This type of control is often used
in the literature to prevent the prediction error bounds from
becoming too conservative. (See e.g.Bemporad (1998)and
Lee & Kouvaritakis (1999, 2000).) By using (7), the real
system (1) and the nominal model (6) are written as

ẋ = Acx + Bũ + Bdd, ˙̂x = Acx̂ + Bũ. (8)

The first step to obtain a MPCmethod dealing with the prob-
lem in Section 3 is to derive constraints forx̂ andû, which
guarantee that the constraints in (2) for the real system are
also satisfied. However, since the disturbance setD depends
on the statex of the real system as in (3), it is difficult to
evaluate the prediction error from only the nominal model
and a priori information on uncertainties. The second step is
to derive a terminal condition to ensure the ultimate bound-
edness of the closed loop. This is not an easy task even in
the case of bounded disturbance only (i.e.Bd1 = 0), since
we use the nominal model (6) rather than (1).
To overcome these difficulties, we introduce the following

scalar system constructed based on the unconstrained RCLF
V (x) in (5) and a priori information on uncertainties

ẇ = −a1w + a2 +
m∑

i=1

bi |ũi |, w(t |t) = V (x(t)),

a1 := �1
2�(P )

, a2 := �2

2
√

�(P )

, bi := ‖P 1/2Bi‖, (9)

whereBi is the ith column ofB. This system enables us
to obtain an upper bound on the future value ofV (x), as
shown in the following lemma. We refer to system (9) as
the comparison model, since the lemma is proved based on
the comparison principle (Miller & Michel, 1982), which is
known as a tool to obtain bounds on solutions of differential
equations without computing solutions themselves through
the use of differential inequalities (Flett, 1980).

Lemma 3. For any ũ(�|t) (� ∈ [t, t + T ]), the states of the
comparison system in(9) and the real system in(8) satisfy

V (x(�))�w(�|t), � ∈ [t, t + T ]. (10)

Proof. SinceV (x) = √
xTPx, we have

V̇ (x) = 1

2V
(ẋTPx + xTP ẋ)

= 1

2V
(xT(AT

cP + PAc)x + 2xTP(Bdd + Bũ))

� − ‖x‖
2V

(�(Q)‖x‖ − 2�(PBd1)‖d1‖
− 2�(PBd2)‖d2‖)
+ 1

V
‖P 1/2x‖‖P 1/2Bũ‖.

It follows from d ∈ D(x) andV (x)�
√

�(P )‖x‖ that

V̇ (x)� − ‖x‖
2V

(�1‖x‖ − �2) + ‖P 1/2Bũ‖

� − �1
2�(P )

V + �2

2
√

�(P )

+
m∑

i=1

‖P 1/2Bi‖|ũi |

= − a1V + a2 +
m∑

i=1

bi |ũi |. (11)

Thus, (10) is shown by the comparison principle (Miller &
Michel, 1982). �

Note that property (5) is easily verified, since inequality
(11) shows that, foru = Kx (ũ = 0),

V̇ (x)� − a1

(
V − a2

a1

)
= −a1

(
V −

√
�(P )

�2
�1

)
. (12)

Once we find the model for predicting an upper boundw on
V (x), constraint sets for̂x andû can be derived as follows:

X̂(�, w(·|t)) := {x ∈ Rn : |xi |��i − �̂i (�, w(·|t)), ∀i},
Û (�, w(·|t)) := {u ∈ Rm : |ui |��i − �̂i (�, w(·|t)), ∀i},

where

�̂i (�, w(·|t))
:=
∫ �−t

0

(
‖�T1i (s)‖1

w(� − s|t)√
�(P )

+ ‖�T2i (s)‖1
)
ds

�̂i (�, w(·|t))
:=
∫ �−t

0

(
‖	T1i (s)‖1

w(� − s|t)√
�(P )

+ ‖	T2i (s)‖1
)
ds (13)

and�ji(t), 	ji(t) (j = 1,2) denote theith rows of�j (t) :=
eActBdj , 	j (t) := KeActBdj . Similar modification of con-
straints is considered inChisci, Rossiter and Zappa (2001),
Mayne and Langson (2001)and Michalska and Mayne
(1993)in the case of bounded disturbance only (i.e.Bd1=0).
The constraints based on̂X and Û have the following

property.
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Theorem 4. For a givenx(t) ∈ Rn, any open-loop trajec-
tory ũ(�|t), � ∈ [t, t + T ], which satisfies

˙̂x = Acx̂ + Bũ, x̂(t |t) = x(t),

ẇ = −a1w + a2 +
m∑

i=1

bi |ũi |, w(t |t) = V (x(t)),

x̂(�|t) ∈ X̂(�, w(·|t)),
ũ(�|t) + Kx̂(�|t) ∈ Û (�, w(·|t)) (14)

also satisfies the constraints for the real system(1)

x(�) ∈ X, ũ(�|t) + Kx(�) ∈ U (15)

for all possibled(�) ∈ D(x(�)), � ∈ [t, t + T ].

Proof. From the differential equations in (8), we have

x̂(�|t) = eAc(�−t)x(t) +
∫ �−t

0
eAcsBũ(� − s|t)ds, (16)

x(�) = eAc(�−t)x(t) +
∫ �−t

0
eAcsBũ(� − s|t)ds

+
∫ �−t

0
eAcsBdd(� − s)ds. (17)

It follows from d(�) ∈ D(x(�)) and Lemma 3 that

|xi(�) − x̂i (�|t)|
�
∫ �−t

0
(|�1i (s)d1(� − s)| + |�2i (s)d2(� − s)|)ds

�
∫ �−t

0
(‖�T1i (s)‖1‖d1(� − s)‖∞

+ ‖�T2i (s)‖1‖d2(� − s)‖∞)ds

�
∫ �−t

0

(
‖�T1i (s)‖1

w(� − s|t)√
�(P )

+ ‖�T2i (s)‖1
)
ds. (18)

Therefore, from (13) and (18),

|xi(�)|� |x̂i (�|t)| + |xi(�) − x̂i (�|t)|
� |x̂i (�|t)| + �̂i (�, w(·|t)).

This implies that eachũ(�|t), which satisfiesx̂(�|t) ∈
X̂(�, w(·|t)) in (14), also satisfiesx(�) ∈ X in (15) for all
d(�) ∈ D(x(�)), � ∈ [t, t + T ]. Similarly to (18), we have

|ui(�) − ûi (�|t)|

�
∫ �−t

0

(
‖	T1i (s)‖1

w(� − s|t)√
�(P )

+ ‖	T2i (s)‖1
)
ds

from (16) and (17). Therefore, anyũ(�|t) satisfying (14) also
satisfies (15) for alld(�) ∈ D(x(�)), � ∈ [t, t + T ]. �

Based on Theorem 4, the optimization problem for the
proposed MPC method is described for a given diagonal
matrixR>0 as follows:

Proposed MPC:

min
ũ

J (x(t), ũ(·|t)) :=
∫ t+T

�=t

ũ(�|t)TRũ(�|t)d�
subject to(14) and

w(�|t)�
, � ∈ [t, t + T ]
w(t + T |t)�1. (19)

In (19), the finite-horizon optimal control problem without
any uncertain parameters is solved from the measured state
x(t) at the current timet. The optimal control trajectory
û∗(�|t) of (19) is implemented until the next update time
t+�. It is easily seen from Theorem 4 that, if the problem in
(19) is feasible at each update time, then the given constraints
are always satisfied.
In order to guarantee the feasibility at each time and the

ultimate boundedness of the closed loop, we need the con-
straints forw in (19). It can be seen from (4) and (10) that the
terminal condition (w(t +T )�1) guaranteesx(t +T ) ∈ Xf
for the real system. The constant
 is a number satisfying

� max{V (x0),1}. In Section 4, an additional assumption,
which gives an upper bound on
, is given for ensuring fea-
sibility and ultimate boundedness. The cost functionsJ of
optimal control problems often play important roles in sta-
bility analysis of MPC methods. In the proposed method,
we choose the same cost function as inLee and Kouvari-
takis (1999, 2000), which is probably the simplest one to en-
sure robust stability. Robust analysis for other types of cost
functions is one of the future issues.

Remark 5. The w-differential equation in (14), which is
a constraint in (19), is nonlinear iñui . By introducing a
new variablev(�|t) ∈ Rm and using the property thatR is
diagonal, we modify the constraint to

ẇ = −a1w + a2 +
m∑

i=1

bivi, w(t |t) = V (x(t))

|ũi (�|t)|�vi(�|t), � ∈ [t, t + T ], i = 1, . . . , m

and the cost functionJ (x(t), ũ(·|t)) to J (x(t), v(·|t)).
Therefore, the modified problem has only linear con-
straints and gives the same solution as (19), since the
optimal solution of the modified problem always satisfies
|ũi (�|t)| = vi(�|t). The recast problem with the linear con-
straints and the quadratic cost function has free variables
ũi (�|t) andvi(�|t).

Remark 6. In (19), the predicted nominal statêx decays
faster thanw, sincew is an upper bound onV (x). Therefore,
for a control horizonTu <T long enough for̂x to converge to
Xf , the computational burden can be decreased by applying
ũ of the following form:

ũ(�|t) =
{
ũ′(�|t) if t��� t + Tu,

0 if �> t + Tu.
(20)
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4. Feasibility and stability results

As mentioned in the previous section, we need the fol-
lowing assumption prescribing upper bounds on
 to ensure
that the optimal control problem in (19) is feasible at each
time.

Assumption 1′. The given
(� max{V (x0),1}) in (19)
satisfies


‖�1‖L1(T )�
√

�(P )

(
min
i

�i − ‖�2‖L1(T )

)
− 1


‖	1‖L1(T )�
√

�(P )

(
min
i

�i − ‖	2‖L1(T )

)
−max

i
‖KT

i ‖,

where Ki denotes theith row of K and ‖�1‖L1(T ) :=∫ T

0 ‖�1(s)‖∞ ds.

As verified in the last part of the Appendix, Assumption
1′ is given such that the same type of condition as Assump-
tion 1 is satisfied for the modified constraint setsX̂ and
Û . That is

Xf ⊂ X̂(�, w(·|t)) ⊆ X

Kx ∈ Û (�, w(·|t)) ⊆ U ∀x ∈ Xf . (21)

Therefore, Assumption 1′ is a sufficient condition for As-
sumption 1. If Assumption 1′ cannot be satisfied for any

>max{V (x0),1}, we need to consider a smaller terminal
setXf or to modify the feedback gainK to satisfy Assump-
tion 1′. Note that, in the case where the control, as in (20),
is adopted, a weaker condition than Assumption 1′ can be
obtained by modifying the left-hand sides in the inequalities.
The following theorem describes the properties of the fea-

sibility and the ultimate boundedness of the proposed MPC
method.

Theorem 7. Assume that the optimization in(19) is feasi-
ble at t = 0 for 
 which satisfies Assumption1′. Then, the
proposed MPC method has the following properties:
(i) the optimization in(19) is feasible at eacht >0,
(ii) for any�>a2/a1, there existstc such that

‖x‖� �√
�(P )

∀t� tc. (22)

To prove Theorem 7, we need the following key result.

Lemma 8. Assume the optimization problem in(19) is fea-
sible at the current time t for
 which satisfies Assumption
1′. Then, at the next time stept + �,

ũ(�|t + �) =
{
ũ∗(�|t), � ∈ [t + �, t + T ],
0, � ∈ [t + T , t + T + �] (23)

is a feasible solution of(19), where ũ∗(�|t) denotes the
optimal solution at t.

Proof. See Appendix. �

Proof of Theorem 7. We show (i) by induction. The op-
timization problem is feasible att = 0 by the assumption.
Assume now it is feasible at eacht = i�(i=1, . . . , k). Then,
since Lemma 8 shows that the control in (23) is feasible at
t = (k + 1)�, (i) is proved.
In order to prove (ii), we next show that the optimal cost

J (x(t), ũ∗) is nonincreasing. At the time stept + �, the
feasible solution in (23) satisfies

J (x(t + �), ũ(·|t + �))�J (x(t), ũ∗(·|t)), (24)

since

J (x(t + �), ũ(·|t + �)) − J (x(t), ũ∗(·|t))
=
∫ t+�+T

t+�
ũ(�|t + �)TRũ(�|t + �)d�

−
∫ t+T

t

ũ∗(�|t)TRũ∗(�|t)d�

= −
∫ t+�

�=t

ũ∗(�|t)TRũ∗(�|t)d��0. (25)

It is also satisfied that

J (x(t + �), ũ∗(·|t + �))�J (x(t + �), ũ(·|t + �)), (26)

from the optimality ofJ (x(t + �), ũ∗(·|t + �)). From (24)
and (26), the optimal cost is nonincreasing, that is

J (x(t + �), ũ∗(·|t + �))�J (x(t), ũ∗(·|t)).
Since the optimal cost is nonincreasing and bounded by 0
from below, it satisfiesJ (x(t), ũ∗(·|t)) → c ast → ∞ for a
constantc�0. This implies that, for each
>0, there exists
t1>0 such that

0�J (x(t), ũ∗(·|t)) − J (x(t + �), ũ∗(·|t + �))< 
,
∀t� t1. (27)

But, from (24)–(26), we have∫ t+�

t

ũ∗(�|t)TRũ∗(�|t)d�
= J (x(t), ũ∗(·|t)) − J (x(t + �), ũ(·|t + �))
�J (x(t), ũ∗(·|t)) − J (x(t + �), ũ∗(·|t + �)). (28)

Thus, (27) and (28) imply

ũ∗(t |t) → 0 ast → ∞. (29)

Sincea2/a1<�, given an
1>0 which satisfies

a2 + 
1
∑m

i=1 bi

a1
<�, (30)

from (29) we can chooset1 such that

‖ũ∗(t |t)‖∞ �
1 ∀t� t1. (31)
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From (11) and (31), it follows that

V̇ (x(t))� − a1V (x(t)) + a2 +
m∑

i=1

bi |ũ∗
i |

� − a1V (x(t)) + a′
2 ∀t� t1,

wherea′
2 := a2 + 
1

∑m
i=1 bi . Therefore, by the comparison

principle (Miller & Michel, 1982),

V (x(�))�e−a1(�−t1)V (x(t1)) + a′
2

∫ �−t1

0
e−a1s ds

= e−a1(�−t1)

(
V (x(t1)) − a′

2

a1

)
+ a′

2

a1
, (32)

and the right-hand side of (32) converges toa′
2/a1 as� →

∞.We first consider the case whereV (x(t1))>�. Since (30)
implies a′

2/a1<�, there exists a finite timetc(> t1) which
satisfies

e−a1(�c−t1)

(
V (x(t1)) − a′

2

a1

)
+ a′

2

a1
= �.

Therefore,

V (x(�))�� ∀�� tc. (33)

On the other hand, ifV (x(t1))��, we have (33) fortc= t1,
since (32) and (30) show thatV (x(�)) cannot be greater than
� at anyt� t1. Thus (22) follows from (33). �

Theorem 7 tells us that, if the MPC problem is feasible at
t = 0, the statex(t) converges into a ball around the origin
with radius of a2/a1

√
�(P ). Particularly, if the uncertain

term d2 is zero, the state is steered to the origin. It is also
important to notice that, from (29) and (33), the control
law and the state converge tou = Kx and�, respectively.
Once the state is steered into the robustly invariant setXf ,
the control law is completely switched to the feedback law
u=Kx, since it is the optimal control inXf in terms of the
cost function (19).

5. Discrete-time case

In this section, we consider discrete-time systems

x(k + 1) = Ax(k) + Bu(k) + Bdd(k), x(0) = x0. (34)

The state and control constraints are described as

x(k) ∈ X, u(k) ∈ U, k = 0,1,2, . . . ,

for X andU defined in (2), and the disturbance satisfies

d(k) ∈ D(x(k)), k = 0,1,2, . . . .

for D(x) defined in (3). We assume that a given feedback
gainK ∈ Rm×n and a terminal setXf satisfy Assumption 1
and the following assumption modified from Assumption 2
for discrete-time systems.

Assumption 9.

0� a2

1− a1
<1, a1<1,

where

a1 :=
√
1− �(Q)

�(P )
+ �(P 1/2Bd1)√

�(P )
, a2 := �(P 1/2Bd2)

Q := P − AT
cPAc, Ac := A + BK.

Under these assumptions, we derive a discrete-time MPC
method based on the closed-loop prediction of the form in
(7). In the same way as (8), the system in (34) is rewritten as

x(k + 1) = Acx(k) + Bũ(k) + Bdd(k), x(0) = x0. (35)

We introduce the following comparison model:

w(� + 1) = a1w(�) + a2 +
m∑

i=1

bi |ũi (�)|,

w(k) = V (x(k)), � = k, . . . , k + N − 1, (36)

where bi = ‖P 1/2Bi‖ and Bi denotes theith column of
B. The comparison system (36) has the following property
corresponding to Lemma 3:

Lemma 10. For any ũ(�) (�= k, . . . , k +N − 1), the com-
parison system in(36) and the real system in(35) satisfy

V (x(�))�w(�), � = k, . . . , k + N − 1. (37)

Proof. For x̄ := Acx + Bũ + Bdd, we have

V (x̄) =
√
x̄TP x̄ = ‖P 1/2(Acx + Bũ + Bdd)‖

�‖P 1/2Acx‖ + ‖P 1/2Bdd‖ + ‖P 1/2Bũ‖. (38)

The first term in (38) satisfies

‖P 1/2Acx‖ =
√
xTAT

cPAcx =
√
xT(P − Q)x

=
√
V 2(x) − xTQx. (39)

Thus it follows from (38) and (39) that

V (x̄)�V (x)

√
1− �(Q)

�(P )
+ �(P 1/2Bd1)‖x‖

+ a2 +
m∑

i=1

bi |ũi |

�a1V (x) + a2 +
m∑

i=1

bi |ũi |. (40)

Properties (36) and (40) imply (37) by induction.�

Similar to the continuous-time case, the following con-
straint setsÛ , X̂ depending onw are used to describe the
proposed method.

X̂(�, w(·|k)) = {x ∈ Rn : |xi |��i − �̂i (�, w(·|k)) ∀i},
Û (�, w(·|k)) = {u ∈ Rm : |ui |��i − �̂i (�, w(·|k)) ∀i},
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where

�̂i (�, w(·|k)) :=
�−k∑
s=0

(
‖�T1i (s)‖1

w(� − s|k)√
�(P )

+ ‖�T2i (s)‖1
)

�̂i (�, w(·|k)) :=
�−k∑
s=0

(
‖	T1i (s)‖1

w(� − s|k)√
�(P )

+ ‖	T2i (s)‖1
)

and�ji(t), 	ji(t) (j = 1,2) denote theith rows of

�j (s) :=
{
As−1
c Bdj for s �= 0,

0 for s = 0,
	j (s) := K�j (s).

The optimization problem for the discrete-timeMPCmethod
is now described as follows:

Discrete-time MPC:

min
ũ

J (x(k), ũ(·|k)) :=
k+N−1∑

�=k

ũ(�|k)TRũ(�|k)

subject to

x̂(� + 1|k) = Acx̂(�|k) + Bũ(�|k), x̂(k|k) = x(k)

w(� + 1|k) = a1w(�|k) + a2 +
m∑

i=1

bi |ũi (�|k)|,

w(k|k) = V (x(k)),

x̂(� + 1|k) ∈ X̂(� + 1, w(·|k))
ũ(�|k) + Kx̂(�|k) ∈ Û (�, w(·|k))
w(� + 1|k)�
, w(k + N |k)�1. (41)

For the discrete-time MPCmethod, the following results can
be derived in the same way as Theorem 7.

Theorem 11. Assume the optimization in(41) is feasible at
k = 0 for 
 (>max{V (x0),1}) satisfying


‖�1‖&1(T )�
√

�(P )

(
min
i

�i − ‖�2‖&1(T )

)
− 1


‖	1‖&1(T )�
√

�(P )

(
min
i

�i − ‖	2‖&1(T )

)
−max

i
‖KT

i ‖,

where ‖�1‖&1(N) := ∑N
s=1‖�1(s)‖∞. Then, the proposed

MPC method has the following properties:
(i) the optimization in(41) is feasible at eachk >0,
(ii) for any�>a2/(1− a1), there existskc such that

‖x(k)‖� �√
�(P )

, ∀k�kc.

6. Numerical example

Consider the following uncertain system:

ẋ =
[
0 1+ �
1 0.5

]
x +

[
1
1

]
u + �, (42)

where the state and control constraints are given as|u(t)|�2,
|xi(t)|�1(i = 1,2) and the bounds on the uncertain

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

x Terminal set

Ultimate
bound

S
ta

te
 x

2

State x1

Fig. 1. Trajectory of the state.

parameters|�(t)|�0.1, ‖�(t)‖�0.1 are given as a priori
information. The uncertain system in (42) is described as
the form in (1) with

A =
[
0 1
1 0.5

]
, B =

[
1
1

]
, Bd1 =

[
0.1
0

]
,

Bd2 =
[
0.1 0
0 0.1

]
.

A feedback gainK and amatrixP for the Lyapunov function,
which satisfy Assumption 1′ and 2, are chosen as

K = [−1.66, −2.32], P = 2.33I. (43)

In this case, the comparison system (9) is obtained as

ẇ = −0.647w + 0.1+ 1.41|ũ|. (44)

We choose the horizons asTu=1.0, T =3.0 s and the upper
bound ofw as
 = 2, such that Assumption 1′ is satisfied.
The proposedmethod is now applied to the systems in (42)

and (44) discretized with sampling time 0.1 s. We show the
simulation result for�=−0.1 and�(t) chosen as a step sig-
nal changing its value randomly every 0.5 s. The trajectory
for 10 s of the state starting fromx0 = [−1, −1] is shown
by the solid line inFig. 1. The dashed and dotted lines show
the terminal set and the ultimate bound, respectively. From
Fig. 1, it can be seen that the trajectory of the state goes into
the terminal set and achieves ultimate boundedness against
the uncertainties. InFig. 2, the solid line shows the applied
control trajectoryu(t), and the dash-dot line shows the pre-
dicted trajectoryû(�|t) at t = 0, which are obtained by the
proposed method. The dashed line shows the control trajec-
tory by the given feedback controller in (43). As shown in
Fig. 2, the given feedback controller violates the constraint,
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Fig. 2. Time plots of the controls.

since it is designed without taking account of the constraints.
On the other hand, the solid line inFig. 2 shows that the
control obtained by the proposed MPC satisfies the given
constraint. Note that, while the predicted trajectoryû at t=0
is chosen conservatively by taking account of the prediction
error, the applied control can take the maximum allowable
valueu(t) = 2 at t >0 by updatingû at each time step.

7. Conclusion

In this paper, we have proposed a new robust MPCmethod
for constrained linear uncertain systems. The merits of the
proposed method are summarized as (i) the control opti-
mization is reduced to a QP rather than a min–max problem
with modest increase of constraints, (ii) state-dependent un-
certainties can be handled as well as bounded disturbances,
and (iii) a condition for robust feasibility and the ultimate
boundedness of the closed-loop is clarified. In order to ob-
tain these properties, we have introduced an additional com-
parison model for worst-case analysis based on an RCLF for
the unconstrained system. By using the comparison model,
we have transformed the given robust MPC problem to a
nominal one without uncertain terms. We have also shown
that the terminal condition based on the comparison model
ensures the feasibility and ultimate boundedness of the pro-
posed method. Moreover, it has been shown that, since the
terminal condition is described as linear constraints, the con-
trol optimization can be reduced to a QP problem.
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Appendix A. Proof of Lemma 8

In order to prove Lemma 8, we use the following two
facts.

Lemma A.1. For given trajectoriesũ∗(�|t)(� ∈ [t, t + T ])
and

ũ(�|t + �) = ũ∗(�|t), � ∈ [t + �, t + T ], (A.1)

the scalar system in(9) satisfies

w(�|t + �)�w(�|t), � ∈ [t + �, t + T ]. (A.2)

Proof. From (A.1) and (9), we have

d

d�
(w(�|t + �) − w(�|t)) = −a1(w(�|t + �) − w(�|t)).

Thus, it follows that

w(�|t + �) − w(�|t) = e−a1(�−t−�)(w(t + �|t + �)
− w(t + �|t)). (A.3)

Sincew(t+�|t+�)=V (x(t+�))�w(t+�|t) from Lemma
3, it follows from (A.3)

w(�|t + �) − w(�|t)�0, � ∈ [t + �, t + T ]. �

Lemma A.2. Assume a predicted trajectoryw(·|t) in (9)
satisfies

w(�|t)�
, � ∈ [t, t + T ] (A.4)

for ũ(�|t) at the current time t. Then, for the inputũ(�|t +
�)(� ∈ [t + �, t + T ]) in (23),we have

���i − �̂i (�, w(·|t + �)), (A.5)

���i − �̂i (�, w(·|t + �)) (A.6)

at the next time stept + �, where

� := min
i

�i − 
√
�(P )

‖�1‖L1(T ) − ‖�2‖L1(T )

� := min
i

�i − 
√
�(P )

‖	1‖L1(T ) − ‖	2‖L1(T ).

Proof. From (A.4) and the definition of̂�i in (13),

min
i

�i + �̂i (�, w(·|t))
��i + 
√

�(P )
‖�1‖L1(T ) + ‖�2‖L1(T ),

which implies

���i − �̂i (�, w(·|t)). (A.7)

Also, from (13) and Lemma A.1, it follows that

�̂i (�, w(·|t + �))� �̂i (�, w(·|t)). (A.8)

Thus, (A.5) is proved by (A.7) and (A.8). (A.6) follows
similarly. �
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Based on the results above, we first prove the feasibility
of ũ(�|t + �) in (23) for � ∈ [t + �, t + T ]. From (16) and
(23), x̂(�|t + �) is described as

x̂(�|t + �) = eAc(�−t−�)x̂(t + �|t + �)

+
∫ �−t−�

0
eAcsBũ(� − s|t + �)ds

= eAc(�−t−�)x̂(t + �|t + �)

+
∫ �−t−�

0
eAcsBũ∗(� − s|t)ds

= eAc(�−t−�)x̂(t + �|t)
+
∫ �−t−�

0
eAcsBũ∗(� − s|t)ds

+ eAc(�−t−�)[x̂(t + �|t + �) − x̂(t + �|t)]
= x̂(�|t) + eAc(�−t−�)[x(t + �) − x̂(t + �|t)].

Thus, from (16) and (17), we have

x̂(�|t + �) = x̂(�|t) + eAc(�−t−�)
∫ �

0
eAcsBdd(t + � − s)ds

= x̂(�|t) +
∫ �−t

�−t−�
eAc�Bdd(� − �)d�, (A.9)

where the variable is changed to� := �−t−�+s. Therefore,
from d(� − s) ∈ D(x(� − s)) and Lemma 3,

|x̂i (�|t + �)| + �̂i (�, w(·|t + �))

� |x̂i (�|t)| +
∫ �−t

�−t−�
(‖�T1i (s)‖1‖x(� − s)‖

+ ‖�T2i (s)‖1)ds + �̂i (�, w(·|t + �))
� |x̂i (�|t)|

+
∫ �−t

�−t−�

(
‖�T1i (s)‖1

w(� − s|t)√
�(P )

+ ‖�T2i (s)‖1
)
ds

+ �̂i (�, w(·|t + �)). (A.10)

From the definition of̂�i in (13) and Lemma A.1,

�̂i (�, w(·|t + �))

=
∫ �−t−�

0

(
‖�T1i (s)‖1

w(� − s|t + �)√
�(P )

+ ‖�T2i (s)‖1
)
ds

�
∫ �−t−�

0

(
‖�T1i (s)‖1

w(� − s|t)√
�(P )

+ ‖�T2i (s)‖1
)
ds

= −
∫ �−t

�−t−�

(
‖�T1i (s)‖1

w(� − s|t)√
�(P )

+ ‖�T2i (s)‖1
)
ds

+ �̂i (�, w(·|t)). (A.11)

Therefore, from (A.10) and (A.11),

|x̂i (�|t + �)| + �̂i (�, w(·|t + �))
� |x̂i (�|t)| + �̂i (�, w(·|t)). (A.12)

This implies that, if the solutioñu∗(�|t) satisfies
x(�|t) ∈ X(�, w(·|t)), � ∈ [t, t + T ]

at the current timet, thenũ(�|t + �) in (23) satisfies

x̂(�|t + �) ∈ X̂(�, w(·|t + �)), � ∈ [t + �, t + T ]
at the next time stept + �. Similarly to (A.12), we have

|ũi (�|t + �) + Kix̂(�|t + �)| + �̂i (�, w(·|t + �))
� |ũ∗

i (�|t) + Kix̂(�|t)| + �̂i (�, w(·|t)).
Thus, if ũ∗(�|t) satisfies that
ũ∗(�|t) + Kx̂(�|t) ∈ Û (�, w(·|t)), � ∈ [t, t + T ],
thenũ(�|t + �) satisfies

ũ(�|t + �) + Kx̂(�|t + �) ∈ Û (�, w(·|t + �)),
� ∈ [t + �, t + T ].

Moreover, it is clear from Lemma A.1 that, if the constraint
w(�|t)�
 (� ∈ [t, t +T ]) is satisfied, it is also satisfied that
w(�|t + �)�
, � ∈ [t + �, t + T ], (A.13)

which concludes the proof for the feasibility at� ∈ [t +
�, t +T ]. Note that, similar to (A.13), it follows fromw(t +
T |t)�1 and Lemma A.1 that

w(t + T |t + �)�1. (A.14)

Next, we prove

w(�|t + �)�
,

w(�|t + �)�1, � ∈ [t + T , t + T + �] (A.15)

as follows: In the case wherew(t+T |t+�)> a2/a1,w(�|t+
�)(�� t + T ) is decreasing for̃u(�|t + �) = 0(�� t + T ) as
in (9). Therefore, (A.15) is obviously satisfied from (A.13)
and (A.14). On the other hand, in the case wherew(t +
T |t + �)�a2/a1, w(�|t + �)(�� t + T ) cannot be greater
thana2/a1 for ũ(�|t +�)=0(�� t +T ) as in (9). Therefore,
(A.15) is proved, since

a2

a1
=
√

�(P )
�2
�1

<1�


from Assumption 1′ and 2. Since the conditions in Assump-
tion 1′ are written as 1��

√
�(P ) and maxi‖KT

i ‖��
√

�(P )

by using� and� in Lemma A.2, we have

|xi |�‖x‖� 1√
�(P )

��,

|Kix|�‖KT
i ‖‖x‖� ‖KT

i ‖√
�(P )

�� ∀x ∈ Xf . (A.16)

Therefore, it follows Lemma A.2 and (A.16) that

|xi |��i − �̂i (�, w(·|t + �)),
|Kix|��i − �̂i (�, w(·|t + �)) ∀x ∈ Xf . (A.17)

Since it is clear from (A.15) and Lemma 3 thatx̂(�|t + �) ∈
Xf (� ∈ [t + T , t + T + �]), we have

x̂(�|t + �) ∈ X̂(�, w(·|t + �)),
û(�|t + �) = Kx(�|t + �) ∈ Û (�, w(·|t + �)) (A.18)
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from (A.17) andũ(�|t +�)=0(�� t +T ). Therefore, (A.15)
and (A.18) prove the feasibility for� ∈ [t + T , t + T + �],
which concludes the proof.�
Note that (A.17) implies (21) from the definition ofX̂, Û .
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