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Abstract

This paper proposes a quadratic programming (QP) approach to robust model predictive control (MPC) for constrained linear systems
having both model uncertainties and bounded disturbances. To this end, we construct an additional comparison model for worst-case
analysis based on a robust control Lyapunov function (RCLF) for the unconstrained system (not necessarily an RCLF in the presence of
constraints). This comparison model enables us to transform the given robust MPC problem into a nominal one without uncertain terms.
Based on a terminal constraint obtained from the comparison model, we derive a condition for initial states under which the ultimate
boundedness of the closed loop is guaranteed without violating state and control constraints. Since this terminal condition is described by
linear constraints, the control optimization can be reduced to a QP problem.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction One of the main difficulties in robust MPC for practical
use is the complexity of online optimal control problems.
Model predictive control (MPC), which determines online Because of uncertain terms in prediction models, the opti-
the control input by solving a finite horizon open-loop con- mal control problem at each time step is typically described
trol optimization problem, is one of the few tractable ways to as a min—-max optimization problem subject to the condition
handle design problems having input and state constraints.that given constraints are satisfied for all possible uncertain-
Robust MPC, which explicitly takes account of model un- ties. Therefore, it might be more practical to simplify such
certainties, has been studied from the end of 1980s. (Seeoptimal control problems, even if we have to give up the
Bemporad & Morari (1999pnd Mayne, Rawling, Rao, &  strictly optimal solution.
Scokaert (2000jor overviews.) This paper is particularly Computationally efficient constrained MPC methods in
related to the state-space approachese(& Yu , 1997; the presence of model uncertainties have been proposed in
Michalska & Mayne, 1993; Scokaert & Mayne, 1998ther Kothare, Rossiter and Schuurmans (199&)Kouvaritakis,
than the early works based on impulse response modelsBalakrishnan and Morari (2000A key assumption in these
(Allwright & Papavasiliou, 1992; Campo & Morari, 1987; methods is that initial states belong to a robust invariant
Zheng & Morari, 1993. set given by a linear or an affine state feedback law sat-
isfying given constraints inside the set. This assumption
" This paper was not presented at any IFAC meeting. This paper was €nables simplification of the optimal control problems in
recommended for publication in revised form by Associate Editor Carsten fobust MPC, since prediction of future states is not re-
W. Scherer under the direction of Editor R. Tempo. quired for ensuring robust stability. The price of this com-
o s R 3% 21 putational mprovement mght b et e il il
ChofL?gaoka,)/Chofu’, Tokyo 182-85%5, Japan. Tel./fax: +81424 4?; 5361. states are restricted to S”.‘a"er S€tSl f:ompared Wlt.h other ap-
E-mail addressesfuku@mece.uec.ac.jgH. Fukushima), prqache_s based on terminal conditions for predicted state
rbitmead@ucsd.ed(R.R. Bitmead). trajectories.
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In many other MPC methods, robust stability is guaran- uncertaintyd,(t) € R”* and a bounded disturbande €
teed if predicted states at the terminal time belong to a ro- R”2, satisfies
bustly invariant set for all possible uncertainties. Two types
of methods, which require convex optimization instead of d(t) :=[d] (t), d3 (1)]" € D(x(1)) V>0,
min—max optimization, have been proposed based on poly- D(x) := D1(x) x D2,
hedral invariant setd e & Kouvaritakis, 1999, 2000, 2002 py(x) := {d1 € R"* : ||d1| <|Ix||}.
a_md eII|p30|d_aI setﬁchuu_rmans &_ Ros_sner , ZO}J_(Bespec- Dy :={dy € R : ||d| <1). 3)
tively. A merit of using ellipsoidal invariant sets is that they
can be constructed more easily by using Lyapunov equa-Corresponding ta/; and d», matricesB;, € R™”t and
tions. An open problem of the existing method using ellip- B,, € R"*72 are defined such tha, = [B,,, Ba,]-
soidal invariant sets is that the optimal control problem is  We assume that a feedback gath € R™ " and a
still too complex, since the number of constraints increasesterminal set
rapidly with the prediction horizon. Another limitation is
that it does not explicitly deal with disturbances. Xi={xeR":Vx)<L1} 4)
In this paper, we propose a new robust MPC method based
on ellipsoidal invariant sets for constrained linear systems are given forV (x) := +/xT Px (P > 0), such that the fol-
with model uncertainties and disturbances. To predict the Iowing conditions are satisfied.
worst case of the model uncertainties with modest increase
of constraints, we introduce a comparison model based onAssumption 1.
a robust control Lyapunov function (RCLF) for the uncon-
strained system, which is not necessarily an RCLF in the Xf C X, KxeU Vx e X;.
presence of constraints. This comparison model enables us )
to transform the given robust MPC problem to a nominal ASsumption 2.
one without uncertain terms. Based on a terminal constraint —
obtained from the comparison model, we derive a condition 0<\/A(P) — <1, a1>0,
for initial states under which the ultimate boundedness of the %1
closed loop is guaranteed without violating state and con- yhere
trol constraints. Furthermore, since this terminal condition
is described as linear constraints, the control optimization o1 := A(Q) — 26(PBgy), 02 := 26(PBga,),
problem for the proposed method can be solved by standardg .= —(pA. + AIP)’ Ac:= A + BK.
quadratic programming (QP) methods.
Assumption 1 states that the given feedback comiteslK x
always satisfies the constraints X, whereas Assumption

2. Problem formulation 2 implies
Let ||lx|| and||x||, denote the Euclidean argnorms of sup V(x) <0 Vx e X1\Q, (5)
deD(x)

a vectorx, respectively. The symbal; denotes théth ele-
ment of a vectok. Let (M) and||M |- denote the largest
singular value and the induced-norm of a matrixM. For
Hermitian matriceM, A(M) and A(M) denote the largest
and smallest eigenvalues, respectively. The notation 0
means thaM is symmetric positive definite, ant/? de-

as verified in Section 3, where

Q= {x €R": V()< /I(P)ZZ}.
1

notes the unique positive definite square roodbf 0. Therefore, these assumptions, which are standard in robust
We consider linear systems: MPC (Mayne, Rowling, Rao, & Scokaert, 200&how that
X; is a robustly invariant set by using the feedback control
X = Ax + Bu + Bgd, x(0) = xo, 1) u = K x. Note that (5) shows that (x) would be a RCLF,

if the system were not constrained.

Under these assumptions, our goal is to construct an MPC
method which guarantees the ultimate boundedness of the
closed loop without violating constraints for amr) <
x(t)e X, u@)eU Vt=0, D(x(2))(¢t > 0). To avoid min—max optimization, our method
X = {x € R" : |xi| <y, Vil, dogs not directly use the uncertain model (1), .(3) in the
U= {u e R : Juj| <1, Vi) @) optimal control pr_o_blem. Instead, we use a nominal model

' ’ o of (1) and an additional model, which is constructed based
with given constant vectors € R” andn € R™, while the on the unconstrained RCLF (x) and a priori information

disturbancel(r) € R”, which consists of a state-dependent in (3).

whereA € R"*", B € R™™, B; € R™*P, andxg is a given
initial state. The constraints for the statg¢) € R" and the
controlu(t) € R™ are described as
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3. Proposed MPC method Proof. SinceV(x) =+/xTPx, we have

As mentioned in Section 2, we predict the state) of

y 1 .7 Tp.
Vx)=— ('P P
(1) based on the nominal model which is as follows: x) 2V (" Px +x ' Px)

A 1 T AT T ~

= AR+ B, Rl =x(0). ©) :ﬁ(x (Ac P + PAc)x + 2x' P(Byd + Bu))
. Ixll

wherez (z]t) denotes the predicted value ofr) at the cur- < - oV (L(D)lIx]l = 26(P Bay)lldall

rent timet. For robustness analysis of the closed loop, it is
necessary to estimate prediction error bounds afue to 1
the disturbance terrd in (1). The predicted contral(z|r) + = |PY2x)| PY?Ba).
in (6) has the form 4

—26(PBg,) | d2I)

u=K%+u, (7) It follows from d € D(x) and V (x) </ A(P)||x| that
whereii(t|t) is an open-loop trajectory ardis the feedback

e : - ; : x| Y2 s
gain given in Section 2. This type of control is often used Vv (x)< — = (a1||x|| — o2) + | P 4Bii||
in the literature to prevent the prediction error bounds from 2V ”
becoming too conservative. (See eBgmporad (1998and M Vo o2 i Z I PY2B; |||
Lee & Kouvaritakis (1999, 2000) By using (7), the real S 24P 5 /71( n = e
system (1) and the nominal model (6) are written as M B
%=Acx + Bii + Bgd, %= Ack + Bil. (8) = —a1V+az+ Y bilil. (11)

i=1
The first step to obtain a MPC method dealing with the prob-
lem in Section 3 is to derive constraints forandi, which Thus, (10) is shown by the comparison principldiler &
guarantee that the constraints in (2) for the real system areMichel, 1983. [
also satisfied. However, since the disturbancésaepends
on the statex of the real system as in (3), it is difficult to Note that property (5) is easily verified, since inequality
evaluate the prediction error from only the nominal model (11) shows that, fon = Kx (z = 0),
and a priori information on uncertainties. The second step is
to derive a terminal condition tg ensure the ultimate boundj V)< —a1 (V _ Q) = —ag <V _ /I(P) %) . (12
edness of the closed loop. This is not an easy task even in ai o1
the case of bounded disturbance only (Bg, = 0), since ] o
we use the nominal model (6) rather than (1). Once we find _the mode[for p[edlctlng an upper bounoin

To overcome these difficulties, we introduce the following ¥ (), constraint sets fat andu can be derived as follows:
scalar system constructed based on the unconstrained RCLF,
V(x) in (5) and a priori information on uncertainties X(t, w(|) == {x € R" : |x;|<y; = §; (v, w(:|n), Vi},
Ut, w(-[t) == {u € R" : |u;|<n; — ij;(xr, w(:-[1)), Vi},

m
= —a1w +az+ Y biliil.  wtlt) =V (x@)),
i=1

R =2 b= |PY2B|l,  (9) (. w(|0)

ai = —= s 2 — ’
2)(P) 2,/7(P) _ff" 1Tl 2= T ) ds
= 1i 1 \/m 21N ’

where

where B; is theith column ofB. This system enables us
to obtain an upper bound on the future valueVfx), as 1; (t, w(:|t))
shown in the following lemma. We refer to system (9) as T—t T w(t — s|t)
the comparison model, since the lemma is proved based on = f (ll&jll- )1 ——
the comparison principleMiller & Michel, 1982), which is VA(P)
known as a tool to obtain bounds on solutions of differential ) .
equations without computing solutions themselves through @1d¢;i (1), ¢ (1) (j = 1, 2) denote theth rows of(; (1) :=
the use of differential inequalitie§lett, 1980. e’ By;, &;(1) := Ke*' By,. Similar modification of con-
straints is considered i@hisci, Rossiter and Zappa (2001)
Lemma 3. For anyii(z|t) (t € [t, 1 + T)), the states of the ~Mayne and Langson (20013nd Michalska and Mayne
comparison system if9) and the real system i(8) satisfy ~ (1993)in the case of bounded disturbance only (Bg,=0).
The constraints based aXi and U have the following
Vix(@)<w(tl), telt,t+T] (10) property.

+ 1€, (s>||1> ds (13)
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Theorem 4. For a givenx(¢) € R", any open-loop trajec-
tory u(z|t), T € [t,t + T], which satisfies
%= Ack + Bii, x(t|t)=x(1),

w=—aiw +az + ibilﬁil, w(tft) = V(x()),

i(zlr) € X (1, w(~|t)l);1

i(tlt) + Kx(z|t) € U(r, w(:|t)) 14)
also satisfies the constraints for the real syst{@n

x(1) € X, ii(tlt)+Kx(x)eU (15)
for all possibled(t) € D(x()), T € [t,t + T].

Proof. From the differential equations in (8), we have

t
R(z|t) = 2T Dy (1) +/ e Bii(t — s|t) ds, (16)

0
T—1
x(1) = ey (1) + / e’ Bii(t — s|t) ds
0
T—t
+ / e Byd(t — s) ds. a7)
0

It follows from d(t) € D(x(r)) and Lemma 3 that
|x; (t) — %; (z]1)]

T—t
< /O (Cu (©)da( — )] + 1L (5)da(z — )]) ds

T—t
</O (LT ) N12llda(t = 5) oo
+ 155 () 12llda(t = 5)[loo) ds

bt T w(T—S|t) T
< /0 (||C1i(5)||1—m +||cz,-(s>||1> ds. (18)

Therefore, from (13) and (18),

lxi (<% ()] + |xi (1) — X (TlD)]
SIE D]+ 9 (T wn).

TAhis implies that eachi(z|r), which satisfiesx(t|t) €
X (7, w(-|2)) in (14), also satisfies(r) € X in (15) for all
d(t) € D(x (7)), T € [t,t+ T]. Similarly to (18), we have

lui (7) — it (z]1)]

Tt
< Tl 28 e o) d
/o (néh(s)nl Tipy Tleaen) &

from (16) and (17). Therefore, amyzt|t) satisfying (14) also
satisfies (15) for all{(t) € D(x(z)), t€[t,t +T]. O

Based on Theorem 4, the optimization problem for the .
proposed MPC method is described for a given diagonal j(7|s) = {” (xlt)

matrix R > 0 as follows:

Proposed MPC:

t+T

min J(x(t), u(-|t)) := / zZ(r|t)TR12(v:|t) dt

=t
subject to(14) and
wrlH)<w, 1Telt,t+T]
w(t+ Tlr)<1. (29)

In (19), the finite-horizon optimal control problem without
any uncertain parameters is solved from the measured state
x(¢) at the current timd. The optimal control trajectory
u*(z|r) of (19) is implemented until the next update time
t+0. Itis easily seen from Theorem 4 that, if the problem in
(19) is feasible at each update time, then the given constraints
are always satisfied.

In order to guarantee the feasibility at each time and the
ultimate boundedness of the closed loop, we need the con-
straints foiw in (19). It can be seen from (4) and (10) that the
terminal condition @ (r + T) < 1) guarantees(t +T) € X;
for the real system. The constantis a number satisfying
w > max{V(xp), 1}. In Section 4, an additional assumption,
which gives an upper bound e\ is given for ensuring fea-
sibility and ultimate boundedness. The cost functidrsf
optimal control problems often play important roles in sta-
bility analysis of MPC methods. In the proposed method,
we choose the same cost function ad ge and Kouvari
takis (1999, 200Qwhich is probably the simplest one to en-
sure robust stability. Robust analysis for other types of cost
functions is one of the future issues.

Remark 5. The w-differential equation in (14), which is
a constraint in (19), is nonlinear i;. By introducing a
new variablev(z|r) € R™ and using the property th& is
diagonal, we modify the constraint to

m
b= —aw +az+ ) bivi. witl) =V ()
i=1
lu;(tlt)|<vi(tlt), telt,t+T], i=1....,m
and the cost function/ (x(z), u(-|t)) to J(x(1), v(-|t)).
Therefore, the modified problem has only linear con-
straints and gives the same solution as (19), since the
optimal solution of the modified problem always satisfies
lit; (t|t)| = v; (z]t). The recast problem with the linear con-
straints and the quadratic cost function has free variables
i; (t|r) andv; (t|r).

Remark 6. In (19), the predicted nominal statedecays
faster tharw, sincew is an upper bound oW (x). Therefore,

for a control horizorT,, < T long enough fof to converge to

X;, the computational burden can be decreased by applying
u of the following form:

if r<t<t +1,,,

0 if t>t+7T,. (20)
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4. Feasibility and stability results Proof. See Appendix. [J

As mentioned in the previous section, we need the fol- Proof of Theorem 7. We show (i) by induction. The op-
lowing assumption prescribing upper bounds:oto ensure timization problem is feasible at= 0 by the assumption.
that the optimal control problem in (19) is feasible at each Assume now it is feasible at eack-io(i =1, ..., k). Then,
time. since Lemma 8 shows that the control in (23) is feasible at
t = (k+ 1)9, (i) is proved.

In order to prove (ii), we next show that the optimal cost
J(x(¢), u*) is nonincreasing. At the time step+ ¢, the

Assumption 1. The given w(= max{V (xg), 1}) in (19)
satisfies

oll&all @iy <V A(P) (miin Vi — ||C2||$1(T)> -1

feasible solution in (23) satisfies

Jx(t+6), (|t + ) <J(x (@), & (-|1)), (24)
ollS1ll ey ) < VAP) (ml_in N — lllelgla)) since
— max||K;||, J(x(t 4 0), a(t +0)) — J(x(t), a*(-|t))
i t4+0+T y _ )
where K; denotes theith row of K and ||{1]l ¢,y = :/t+5 i(c|t +0)" Ri(tlr + 0) de
T
1€1(5) lloc . +T
Jo 1ea(®)llee - / i* (z)0)T Rit* (¢]r) de
As verified in the last part of the Appendix, Assumption tz+5
1’ is given such that the same type of condition as Assump-  — _/ #*(t|t)TRi* (z]r) dr 0. (25)
tion 1 is satisfied for the modified constraint séfsand T=t
U.Thatis It is also satisfied that
Xi € X(r,w(-l) € X . i
J(x(t +0), " (|t +0)) < J (x(t + 0), u(-|t +9)), (26)

Kx e U(t,w(:|)) CU Vx € Xs. (21)

Therefore, Assumption’lis a sufficient condition for As-
sumption 1. If Assumption’lcannot be satisfied for any
w > max{V (xg), 1}, we need to consider a smaller terminal
setX; or to modify the feedback gai to satisfy Assump-

tion 1'. Note that, in the case where the control, as in (20), Since the optimal cost is nonincreasing and bounded by 0

is adopted, a weaker condition than Assumptiéredn be
obtained by modifying the left-hand sides in the inequalities.

The following theorem describes the properties of the fea-
sibility and the ultimate boundedness of the proposed MPC
method.

from the optimality ofJ (x(t + 9), u*(:|r + J)). From (24)

and (26), the optimal cost is nonincreasing, that is

J(x(t 4 0),a" (|t + 0) < J(x (@), d*(-|t)).

from below, it satisfied (x(¢), u*(-|t)) — ¢ ast — oo fora
constant > 0. This implies that, for each> 0, there exists

11 > 0 such that

0<J(x(r), @*(-|t)) — J(x(t + 0), a*(-|t + 9)) <e,

Vi1 (27)
Theorem 7. Assume that the optimization {#9) is feasi-
ble ats = 0 for w which satisfies Assumptidii. Then the ~ But, from (24)-(26), we have
proposed MPC method has the following properties 4o
(i) the optimization in(19) is feasible at each > 0, / i*(t|t) T Rit* (z]t) dt
(i) for any u > az/az, there exists; such that !
u =J(x@), u*(|t)) — J(x(@ + 0), i(-|t + 9))
Ileléﬁ V>t (22) KT (0), a5 C|0)) — J(x(t + 0), a* (|t + 9)). (28)
Thus, (27) and (28) imply
To prove Theorem 7, we need the following key result.
u*(tlt) - 0 ast — oo. (29)
Lemma 8. Assume the optimization problem(t9) is fea- ) . ] o
sible at the current time t fom which satisfies Assumption ~ Sinceaz/a1 < u, given ang; > 0 which satisfies
, .
1. Then at the next time step+ 9, az+ 613" by
s ——=t==_ <y, (30)
At 4+ 8) = {u (tlt), te€t+d,t+T], 23) a
0, te(t+T,t+ T+ 9]
from (29) we can choosa such that
is a feasible solution 0{19), where u*(t|t) denotes the
optimal solution at t a*(t|) o <er V>t (31)
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From (11) and (31), it follows that

m
Vx(0))< —a1V(x () +az+ Y biliif]
i=1
< —aV(x(@) +ay, Vi,

wherea), := ap +¢1) ;.4 b;. Therefore, by the comparison
principle Miller & Michel, 1982),

T—11
V(x(0) <e TV (x(1) + aj / e~ * ds
0

/

a’ a
=e (wx(m) — —2> + -2, (32)
ai az
and the right-hand side of (32) convergesifga; ast —
oo. We first consider the case whéréx(r1)) > p. Since (30)
implies a) /a1 < p, there exists a finite timeg (> r1) which
satisfies

as as
g a1(te—11) <V(X(l1)) _ _2> 4+ 2
ai a

Therefore,

Vix(@)su Vit (33)

On the other hand, i¥ (x (1)) < 1, we have (33) for; =11,
since (32) and (30) show th#i(x (7)) cannot be greater than
w at anyt >1r. Thus (22) follows from (33). OJ

Theorem 7 tells us that, if the MPC problem is feasible at
t =0, the statex(z) converges into a ball around the origin
with radius ofaz/a1/A(P). Particularly, if the uncertain
termd, is zero, the state is steered to the origin. It is also
important to notice that, from (29) and (33), the control
law and the state converge io= K x and (, respectively.
Once the state is steered into the robustly invariantXget
the control law is completely switched to the feedback law
u = Kx, since it is the optimal control iX; in terms of the
cost function (19).

5. Discrete-time case

In this section, we consider discrete-time systems

x(k +1) = Ax(k) + Bu(k) + Bgd(k), x(0)=xo. (34)

The state and control constraints are described as

x(kye X, u(k)eU, k=012 ...,

for X andU defined in (2), and the disturbance satisfies

dk) e D(x(k)), k=0,1,2, ... .

for D(x) defined in (3). We assume that a given feedback
gainK € R™*" and a terminal seX; satisfy Assumption 1
and the following assumption modified from Assumption 2
for discrete-time systems.

H. Fukushima, R.R. Bitmead / Automatica 41 (2005) 97-106

Assumption 9.

0< 4z <1, a1<1,
—a
where
A a(PY2B
ay = [1— 2@Q) o dl), az :=a(PY2By,)
(P) VA(P)
Q:=P—AlPAc, Ac:=A+ BK.

Under these assumptions, we derive a discrete-time MPC
method based on the closed-loop prediction of the form in
(7). In the same way as (8), the system in (34) is rewritten as

x(k+1) = Acx (k) + Bi(k) + Bgd(k), x(0)=xp. (35)
We introduce the following comparison model:
m
w(r+ 1) =aw@ +az+ Y bilii (7)),
0 = VGE), TFs kAN 1 (36)
where b; = | PY2B;| and B; denotes thdth column of

B. The comparison system (36) has the following property
corresponding to Lemma 3:

Lemma 10. For anyii(r) (t=k,...,k+ N —1), the com-
parison system i§36) and the real system i(85) satisfy

V@) <w(t), t=k,....,k+N—1 (37)

Proof. Forx := Acx + Bii + Byd, we have

V(x) = ViTPx = | PY?(Acx + Bii + Byd)|
<IPY?Acx| + | PY2Bad| + || PY?Bil].

The first term in (38) satisfies

1PY24cx] = (ATATP Aoy = VAT(P = Q)x
=V/V2(x) — 2T Qx.

Thus it follows from (38) and (39) that

VE)<V(x), [1- 4O +G(PY2Ba) x|
A(P)

m
+az+ Y bilil
i=1

(38)

(39)

m
<ar1V(x)+az+ Y biliiil.
i=1

Properties (36) and (40) imply (37) by induction]

(40)

Similar to the continuous-time case, the following con-
straint setd/, X depending orw are used to describe the
proposed method.

X, wl) = {x € R" : [xi| <y; — i (x, w10)) Vi),
Ut wClk) = {u € R" : ui| <n; — ij; (2. w10) Vi),
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where
T—k
N —slk
anw»:E:OQ@mﬁ%i%l+Mhm@
s=0 =
=k w(t — slk)
an%»:EZOQQMf—ZB—+M&m@
s=0 EL

and({;; (1), ¢;; (1) (j =1, 2) denote theth rows of

ATBg, fors #0,

L) = { 0 for s =0,

¢j(s) :==K{(s).

The optimization problem for the discrete-time MPC method
is now described as follows:

Discrete-time MPC:

k+N—1
min J (x(k), @ (-|k)) := Z i(tlk) T Rii(t]k)
u —r

subject to

(14 1k) = At (t]k) + Bii(zlk), £(klk) = x (k)

w(e + 1k) = ayw(Tlk) +az + ) bilii (zlk)],
i=1

w(klk) =V (x (k).

R+ 1lk) € X(1+ 1 w(-k)

i(tlk) + K (tlk) € U(z, w(-[k))

wr+ 1k <w, wk+ Nk)<L (41)

For the discrete-time MPC method, the following results can
be derived in the same way as Theorem 7.

Theorem 11. Assume the optimization {@1) is feasible at
k=0 for w (> max{V(xg), 1}) satisfying

olll1lleym) <KV A(P) (miin Vi — ||C2||61(T)> -1
oll&qlleyry <V AP) (rniin n; — ||fz||z1(T)> - ml_ax||K,.T||,

where [|(1lle;v) = SN 411¢1(s)lloo- Then the proposed
MPC method has the following properties

(i) the optimization in(41) is feasible at eacl > 0,

(i) for any u > az/(1 — aj), there exist%. such that

u
A(P

llx ()l < . VkZke

E

6. Numerical example

Consider the following uncertain system:
. |0 14« 1
*= [1 05 }’“r [1}”+ﬁ’

where the state and control constraints are givén@y < 2,
lx; (H|<1(@ = 1,2) and the bounds on the uncertain

(42)
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Fig. 1. Trajectory of the state.

parametergo(s)| <0.1, ||f(¢)||<0.1 are given as a priori
information. The uncertain system in (42) is described as
the form in (1) with

01 1 0.1
=[5 s #=[a] 23]
01 O
Ba, :[ 0 0.1]'
A feedback gaifk and a matrixP for the Lyapunov function,
which satisfy Assumption’land 2, are chosen as

K =[-166, —2.32], P =233l (43)

In this case, the comparison system (9) is obtained as

W = —0.647w + 0.1+ 1.41]i|. (44)

We choose the horizons &@&=1.0, T =3.0s and the upper
bound ofw asw = 2, such that Assumption’ is satisfied.

The proposed method is now applied to the systems in (42)
and (44) discretized with sampling time 0.1s. We show the
simulation result forr=—0.1 andf(t) chosen as a step sig-
nal changing its value randomly every 0.5s. The trajectory
for 10s of the state starting fromp = [—1, —1] is shown
by the solid line inFig. 1L The dashed and dotted lines show
the terminal set and the ultimate bound, respectively. From
Fig. 1, it can be seen that the trajectory of the state goes into
the terminal set and achieves ultimate boundedness against
the uncertainties. If¥ig. 2, the solid line shows the applied
control trajectoryu(z), and the dash-dot line shows the pre-
dicted trajectoryii(t|t) att = 0, which are obtained by the
proposed method. The dashed line shows the control trajec-
tory by the given feedback controller in (43). As shown in
Fig. 2 the given feedback controller violates the constraint,
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4 , : Appendix A. Proof of Lemma 8
! —— Applied control u(t) .
\ - ] N In order to prove Lemma 8, we use the following two
| A Bt Initially predicted control u(t |0) f
31, ‘ acts.
\ — — = Unconstrained FB control Kx(t)
\ Lemma A.1. For given trajectoriesi*(z|t)(t € [t,t + T])
\
2 by A and

/| iy =@, teli+ o+ T (A1)
Upper bounds

Control input

the scalar system i(B) satisfies

wrlt+0)<w(tlt), te[t+0,t+TI. (A.2)

S

Proof. From (A.1) and (9), we have

d
g+ 0) — w(tln) = —ar(w(tlr + 9) — w(t|r)).

Time [sec]

Fig. 2. Time plots of the controls. Thus, it follows that

w(tlt + 8) — w(tlt) = € ATyt + 5|t + 5)

since itis designed without taking account of the constraints. —w(t +0ln). (A-3)
On the other hand, the solid line Fig. 2 shows that the  Sincew (4|t +6)=V (x(t +9)) <w(t+4|¢) from Lemma
control obtained by the proposed MPC satisfies the given 3, it follows from (A.3)

constraint. Note that, while the predicted trajectogts =0

is chosen conservatively by taking account of the prediction
error, the applied control can take the maximum allowable
valueu(r) = 2 att > 0 by updating: at each time step.

w(t)t+0) —w(t|H)<K0, te[t+6,t+T]. O

Lemma A.2. Assume a predicted trajectony(-|z) in (9)
satisfies

wlH<w, 1Tt t+T] (A.4)
7. Conclusion

for i (z|r) at the current time t. Therfor the inputi (|t +

In this paper, we have proposed a new robust MPC methodd)(t € [ + 0,7 + T1) in (23), we have

for constrained linear uncertain systems. The merits of the , ., 5 (¢, w (.|t + §)), (A.5)
proposed method are summarized as (i) the control Optl-_< T wClr + ) (A.6)
mization is reduced to a QP rather than a min—max problemﬂ\”f (T, it '
with modest increase of constraints, (ii) state-dependent un-at the next time step+ 3, where

certainties can be handled as well as bounded disturbances,

and (iii) a condition for robust fe:';lsibility.and the ultimate ) := min y; — I1C1ll vy — 12l 21Ty
boundedness of the closed-loop is clarified. In order to ob- i VA(P)
tain these properties, we have introduced an additional com-,, .— min 5. — — £ —

; ) = minn — &1l 2y ) — I1S2ll 2y (7)-
parison model for worst-case analysis based on an RCLF for — i JA(P) ) )

the unconstrained system. By using the comparison model,

we have transformed the given robust MPC problem to a Proof. From (A.4) and the definition of; in (13),
nominal one without uncertain terms. We have also shown . n

that the terminal condition based on the comparison model ™" /i + 7 (t, w(:|r))

ensures the feasibility and ultimate boundedness of the pro- _— W ¢4l F Gl
posed method. Moreover, it has been shown that, since the Vi \/m 2D 202D
terminal condition is described as linear constraints, the con- N

trol optimization can be reduced to a QP problem. which implies

Py = Fim wl). (A7)
Acknowledgements Also, from (13) and Lemma A.1, it follows that
Ti (T, wllt + ) <7 (T, w-In). (A.8)

This research was supported by USA National Science
Foundation Grant ECS-0225530 and by a postdoctoral fel- Thus, (A.5) is proved by (A.7) and (A.8). (A.6) follows
lowship from Japan Society of the Promotion of Science. similarly. O
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Based on the results above, we first prove the feasibility at the current time, theni(z|t + o) in (23) satisfies

of i(z|t + 9) in (23) fort € [t + 0, ¢ + T]. From (16) and
(23), x(z|t + o) is described as

(|t + 0) = XTIt + 5]t + 5)
T—t—9
—i—/ e’ Bii(t — s|t + 9) ds
0
=M=t 4 5|t + 9)
T—1t—0
+/ e Bii*(t — s|t) ds
0
=M1 21 4 5|1)
T—t—0
+/ e Bii*(t — s|t) ds
0

+ TR 4 5]t 4 8) — £t 4 I|0)]
=R@t|t) + 2T (s + 8) — £t + I|D)].
Thus, from (16) and (17), we have

N 0
(z|t + 0) = X (1]t) + 71— / e Byd(t + 6 — s)ds
0

T—t
e’ Byd(t — o) do,

T—1—0

=3l + (A.9)

where the variable is changeddo= t—t—d+s. Therefore,
fromd(t —s) € D(x(t — s)) and Lemma 3,

I%i (tl7 + O + 9; (T, w(:|t + )

T—1
<|£i<r|z)|+/ AT @l = )l

T—t—0
+ 118 () 11D ds + §; (z, w(-| + 6))
<% (x|
+/H (||CT~(S)||1M+||CT‘(S)||1 ds
s 1 /_i(P) 2i

+ 9 (r, w(-|t + 9)). (A.10)
From the definition ofy; in (13) and Lemma A.1,

5, wClr + )
T—1—0 _ 5
- /0 <||«:I,-(s>||1M + ||c£,»<s>||1) ds

A(P)
T—t—0
. T P80 T o
/0 (IICl, ()11 N + 1185 (s)ll | ds
Tt T 'LU(T — S|t) T
=— A _—~ "7 . d
/H_(S <I|C1, ()l JIP) + 185 ()ll1 ) ds
+ 9 (r, w(:-10). (A.11)
Therefore, from (A.10) and (A.11),
|%i (zlt + 0)| +9; (r, w-[t + )
<I% (@] + 5 (T w ). (A.12)

This implies that, if the solutioi*(z|r) satisfies

x(t|t) € X(t,w(-|t)), telt,t+T]

£(tlt+0) € X(tr,w(-lt +0)), telt+d,1+T]
at the next time step+ §. Similarly to (A.12), we have
li; (zlt + 0) + Ki % (tlt + 0)| + #; (v, w(:|t + 0))
<lup (zlt) + KX (e|)| + 11;(z, w:-]1).
Thus, ifa*(t|t) satisfies that
a*(zlt) + Kx(t|t) € U(r, w(-t), telt,t+T],
theni(t|t + o) satisfies
izt +0) + Ki(zlt +0) € Uz, w(-|t +9)),
Tet+0,t+TI

Moreover, it is clear from Lemma A.1 that, if the constraint
w(tlr) <o (T € [t, 1+ T1) is satisfied, it is also satisfied that

wilt+d)<w, te[t+0,t+T], (A.13)

which concludes the proof for the feasibility ate [r +
d, t+ T]. Note that, similar to (A.13), it follows fronw (r +
T|t)<1and Lemma A.1l that

w(t + Tt +6)< 1. (A.14)
Next, we prove
w(t|t +0) <o,
wrlt+0)<l, te[t+T,t+T+9] (A.15)

as follows: In the case whete(t +T |t +9) > az/a1, w(t|t+
d)(t>t+T) is decreasing foii(t|t + 0) =0(t >t + T) as

in (9). Therefore, (A.15) is obviously satisfied from (A.13)
and (A.14). On the other hand, in the case wheie +
T\t + d)<az/ar, w(t|t + 0)(t>t + T) cannot be greater
thanay/a1 for i(z|t + ) =0(t >t + T) as in (9). Therefore,
(A.15) is proved, since

az

P2 <1<w
al o1

from Assumption 1and 2. Since the conditions in Assump-

tion 1’ are written as Xy/A(P) and max||KiT|| gg,/ﬁ“(P)
by usingy andy in Lemma A.2, we have

1

il <Ix S ——=—=<7,

’ Jip)

T 1K
[Kix| <K XN < —= <n Vx € Xi. (A.16)
VAP)

Therefore, it follows Lemma A.2 and (A.16) that
lxi [ <y = 9z, w:|t 4 9)),
|Kix|<n; —0;(t, w(-|t + ) Vx € X;. (A.17)

Since it is clear from (A.15) and Lemma 3 that|r + J) €
Xi(te[t+T,t+T+9]), we have

2(tlt +0) € X(r, w(-|r + 9)),

i(zlt +0) = Kx(tlt + 0) € U(r, w(-|t + 9)) (A.18)
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from (A.17) andi(t|t +0) =0(t >t + T). Therefore, (A.15)
and (A.18) prove the feasibility for € [r + T, 1 + T + 0],
which concludes the proof.[]

Note that (A.17) implies (21) from the definition &f, U
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