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Abstract

Prediction error methods are considered for identification of the forward linear dynamics of nonlinear feedback closed-loop systems
which operate in a perturbed stable limit cycle. A model of the signals measured in a neighborhood of the limit cycle is presented and
shown to satisfy a quasistationarity property. Quasistationarity is then used to prove that prediction error methods are both convergent
and consistent for our data model. © 2002 Elsevier Science Ltd. All rights reserved.
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“Yeabh, this is a story of a famous dog,
For the dog that chases its tail will be dizzy.”

George Clinton, Atomic Dog

1. Introduction

Nonlinear systems operating in a limit cycle are often
modeled by an unforced closed-loop system (see Fig. 1)
with forward dynamics G and a feedback nonlinearity N
(Mees, 1981).! For instance, combustion chambers which
sustain stable pressure oscillations without external forc-
ing are well modeled by this type of limit cycle system
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! Due to the absence of a reference signal (#(#)=0 in Fig. 1) designation
of the forward and feedback labels is arbitrary. There exist situations
where a reference signal may be present, or N may be a controller,
making the definition more sensible.

(Murray et al., 1998). In a combustion chamber, pressure
oscillations, represented by the signal y translate to heat re-
lease u via the nonlinear map N. Heat release is coupled to
pressure via a linear acoustic model G. Disturbances to the
system are modeled by the noise model A driven by white
noise. Identification of the linear forward dynamics for a
combustion chamber from heat release and pressure data is
a crucial initial step towards designing a feedback controller
for suppressing these pressure oscillations. The combustion
chamber problem motivates studying identification algo-
rithms for this type of closed-loop system. This work inves-
tigates the behavior of the popular prediction error methods
(PEM) when used with sampled perturbed limit cycle sig-
nals « and y to identify the linear dynamics G and the noise
model H. The literature on linear system closed-loop iden-
tification is not clear about parametric identification when
the unperturbed (#(¢) =0, e(¢#) = 0) closed-loop system pro-
duces steady, self-excited oscillations. The main work in
the area (Ljung, 1978) uses a sufficient condition of expo-
nential stability of the closed-loop system to the origin to
guarantee convergence of the identification criterion as the
amount of data grows. This condition is certainly violated
by limit cycle systems which are not globally exponentially
stable to the origin. Trajectories of a nonlinear system may
have different orbits depending on initial conditions and dis-
turbances, so that the identification criterion, which is based
on the spectrum of filtered data, may be different for dif-
ferent experiments. Our intention is to show that PEM are
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Fig. 1. Identification model structure for PEM.

also valid in the limit cycle case for experiments that al-
ways collect data from a neighborhood of an exponentially
asymptotically stable limit cycle which is perturbed by a
small amount of noise. We model the effect of noise on di-
rections parallel to and perpendicular to the limit cycle. By
considering data of this particular model it is possible to
show convergence of the identification criterion, and con-
sequently feasibility of PEM with limit cycle data. The
fundamental property used is that such data satisfy quasista-
tionarity and ergodicity conditions. The study begins with a
brief overview of PEM and continues with an investigation
of the properties of signals collected around a stable limit
cycle. In the presence of a small amount of white noise, dis-
turbances act in different ways along the stable and center
manifolds of the asymptotically stable limit cycle resulting
in small perturbations of the limit cycle waveforms and a
slow, unbiased phase drift. Spectra of signals represented by
this model consist of bell-shaped distributions of frequen-
cies centered about the harmonics of average periodic sig-
nals. We then show that for this data model PEM estimates
of the linear forward system and the noise model are:

e convergent, as the available number of data grows, and
e consistent, in case the underlying system truly belongs to
the identification model class.

2. Background
2.1. Prediction error methods

This section describes PEM for identification of linear
discrete time systems. Our objective is to perform discrete
time identification of the continuous time systems G and
H using sampled data from the continuous time oscillator.
Thus, we will use sampled input/output measurements u,, =
u(nd) and y, = y(nA) (for some sampling period 4 > 0 and
after appropriate anti-aliasing filtering). Conversion from
a discrete time system (identified from data) back to an
approximation of the continuous time system can be done
in several ways (Astrom & Wittenmark, 1997). One begins
by stipulating the existence of a discrete time linear model

Table 1
Description of operators and functions

Notation Description

EX = [,epu Efx(&)dE

Axy =1lim; oot 325 X,
Ry(/) = ARs(n,n — ()
Ry(n,m) = Esns,ﬁ

Do(v) =272 o Rel({)e™
P (V) = 172 Rew(£)e™"
R(0) = 5 [7, () dv

Expectation operator
Averaging operator

Autocorrelation of s,

Spectrum of s,
Cross-spectrum of s, wy

Parseval’s relation

structure

Yn = Go(2)un + Hy(2)ey, 0 €D, (1)
where the 0 dependence indicates that Gy and Hy belong
to some parametrized family of rational transfer functions
(over a region of parameters D). Hy is assumed to be stable
monic (that is, Hy(co)=1) and to have a stable inverse. We
will also only deal with forward linear systems Gy that have
a delay, a condition which guarantees well-posedness of the
closed-loop system. The perturbation e, = e(n4) is white
noise. Based on this model one defines a one-step-ahead
prediction of future values of the output from input and past
output data

$,0)=Hy ' (2)Go(2)un + (1 — Hy '(2)) v

as well as the prediction error ¢,(0) = y, — y,. Note that if
the output y, is truly described by (1) with a known 0 then
&, = e, after dissipation of initial conditions. Given a finite
number of data, say (u,, y,) forn=1,2,...,L, it is possible
to obtain a parameter estimate

OF = in V(0
L = arg min 1(0),

where V;(0) = %Eﬁzl €2(0). For simplicity we have as-
sumed single-input single-output, real-valued systems, so

,(0) is a real-valued scalar.

2.2. Quasistationarity

We follow the identification framework in Ljung (1999).
The main signal class of interest is the class of quasistation-
ary signals defined below. Refer to Table 1 for definitions
of useful operators and functions.

Definition 1 (Quasistationarity). A sequence of column
vectors {s, }ncz is said to be quasistationary if

(1) Esy =38y, 54| < C; < oo forall n € Z, and
(i1) |Ry(n,m)| < C; < 00, and R (/) exists for all /€ Z
independent of n.
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2.3. Properties of perturbed limit cycle data

“... fluctuations in directions with different eigenval-
ues will affect the dynamics differently... Fluctuations
parallel to eigenvectors with negative eigenvalues
will equilibrate to a metastable state in which the
contraction is balanced by the noise-induced expan-
sion... Fluctuations along neutrally stable eigenvectors
are similar to an unbiased random walk, and will
result in diffusion.” (Knobloch & Weiss, 1989).

This section provides a qualitative picture of the dynamics of
trajectories of a nonlinear system disturbed by noise, in the
neighborhood of a stable limit cycle. This picture results in
a useful model of the signals encountered in the closed-loop
system. Consider a uniformly (in y) exponentially, asymp-
totically stable limit cycle governed by the m-dimensional
vector differential equation

W) = 100).

We will investigate the behavior of the system in Fig. 1 ex-
pressed in this form. Our model assumes a strictly proper
rational transfer function G(s) and a static memoryless non-
linearity N € C™, yielding f € C'.

For a given point y(¢) in the neighborhood of the limit cy-
cle, define the coordinate system (y/(¢),y(¢)) as the near-
est orthogonal projection from y(¢) to the limit cycle (i.e.
yll(#)) and its orthogonal difference (i.e. y=(¢)). Refer to
Fig. 2. The Center Manifold Theorem for Periodic Orbits
(Perko, 1991) states that this is a legitimate orthogonal co-
ordinate system. These coordinates are a point on the center
manifold defined by the limit cycle and a point in the stable
manifold of the limit cycle. We now consider the dynamics
of the disturbed system

sl
P1(¢)
(A/.l(t)> = g1 (), (1)) + d(1)

in this new coordinate system, where d(¢) captures the effect
of external disturbances to the system. Examples of similar
decompositions for analyzing the effect of noise in nonlinear
planar systems can be found in Daffertshofer (1998) and
Kurrer and Schulten (1991). We use Taylor’s Theorem to
expand the right-hand side about the point (7//(¢),0) on the
limit cycle at a given time associated with y(¢)

sl
L R 99 99
<v’l> B ]

1.0)

. 'yJ_
1,0

+o(lyt)+d

~(ueh rohyY dl

(omitting momentarily the time ¢ dependence). Note that
il(=U@(¢)) with y-(1)=0 defines the unperturbed limit
cycle. Let yll =9/l (), y:- =9 (np), etc., for a small stepsize
0 < u<1. The limit cycle phase coordinate is

=90+ wUGh + 1w Gyt + o))

+ ,udl,‘ + o(u).

The coordinate yl,‘ is the position of the perturbed limit cycle

on the center manifold. The unperturbed system governing
this trajectory has unity eigenvalue, so that the trajectory
perturbed by d,,, 7;- and higher-order terms is well described
by a random walk. For the motion orthogonal to the phase
yll we write

Vet =+ VG + o[y ) + udy + o).
—_———

2 B(nyi)

La(ny;t)

If « and f as defined here satisfy the conditions of Theorem
5.1 in LaScala, Bitmead, and James (1995) (where the no-
tation uses o — f(-) and B — ¢(-)) the motion y;- remains
bounded, and thus trajectories of the overall system live in a
tube surrounding the center manifold. In summary: we have
made strong assumptions on the stability of the system on the
stable manifold, and required bounded higher-order terms in
a neighborhood of the limit cycle as well as bounded noise.
Our derivations so far focus on the separate evolution of
the center manifold component y!l and the stable manifold
components y. This relies on considering the noise terms
d!l and d*+ as dominant and independent drivers for the per-
turbed systems and, additionally, that the motion along the
limit cycle is smooth. To proceed further, in the next sec-
tion we formalize this behavior by assuming a model for the
signals collected from the perturbed limit cycle system. The
conclusions flowing from these assumptions will shortly be
tested on an example.

2.4. Sampled perturbed limit cycle data

The analysis of trajectories of the system in the coordi-
nate system defined by center and stable manifolds shows
that data collected from perturbed orbits (i.e. uy, y,) is well
described by the model

x, =x(nd +¢+§Dn)+fm 2)

where x(¢) is a periodic signal (period 7, frequency w =
27/T) of the undisturbed system, ¢ € [0, T'] is some fixed
phase offset, phase ¢, is a random walk (resulting from
perturbations along the center manifold y!l), and %, is a
(bounded) disturbance in amplitude (resulting from pertur-
bations along the stable manifold y caused by stable filter-
ing of the noise).

The model in Eq. (2) facilitates spectral analysis of
sampled, perturbed limit cycle data. Define w; = kw4,
|wg| < m for |k|] <K and assume that harmonics with
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frequency higher than 1/24 are negligible. This leads to the
assumptions on the data collected from the loop that follow.

(A0) Signals sampled from the system in Fig. 1 have the
form

Xy = Z Xkejwk(ﬂ+(/)+(ﬂn)+x*n’ (3)
k| <K

(A1) where phase perturbations ¢, are given by a Brownian
motion ¢, = >_7_, w; with w, ~ N(0,02), w, i.i.d..

(A2) Amplitude perturbations X, are a result of stable filter-
ing of white noise e, = e(n4), |e,| < C forallne Z,
and are thus quasistationary with autocorrelation func-
tion Ry(/) and spectrum @;(v).

(A3) Phase offset ¢, phase perturbations ¢, and amplitude
perturbations x, are independent and thus uncorre-
lated, i.e.

Eej{1)k(n+¢+(/’n)x"m = 0 V}'I, me Z

The theorem that follows states that signals described by the
model above are quasistationary, thus accommodating the
PEM framework.

Theorem 1. Let {x,},cz be a sequence of vectors satisfy-
ing (A0)—(A3). Then, {x,}nez is quasistationary and has
autocorrelation and spectrum

R() = wrfe’ Dk () + Re(?),

|k| <K
()= wak Polhv — ) + Be(v),
k| <K
where
D(k,£) & e~V pp(kvy= " Dik.t)e .
/=—00

Proof. See Appendix A. [

The theorem shows that the spectra of the perturbed
limit cycle data consists of bell-shaped distributions of fre-
quencies centered about the harmonics of average periodic
signals. Thus, perturbations blur the line spectrum of the
unperturbed limit cycle system. Another important assump-
tion to be adopted deals with the ergodic behavior of quasis-
tationary signals of the form (3) from assumption (A0) and
their stably filtered versions. It will often be the case that
identification based on the criterion V. (60) is conducted from
a single sequence of input/output pairs {(u,, vu)}1<n<r- It
is natural to expect two properties from the identification
procedure: (i) if the amount of data grows the identification
criterion converges to a well-defined limit over all possible
parametrizations 0 € D and (ii) if the experiment is repeated
the criterion converges to the same limit. Since V. (6) is
based on statistics (moments, correlations, spectra, etc.) we

are asking for the statistics gathered from a single realization
(or experiment) to converge as L — oo to the statistics
computed over an ensemble of realizations. To satisfy this
requirement we make the ergodic assumption:

(E) Time averages of the moments (first and second
moments) of quasistationary signals s,, w, of type (3)
converge to ensemble averages

As, = A(Es,), As,wl = A(Es,w?).
Expectations are taken over the random disturbances. This
assumption indirectly requires that disturbances provide a
mixing property whereby events which are separated by

long amounts of time are independent. Using this property,
we conclude this section with a convergence theorem.

Theorem 2. Let {Gy(z)}oep be a family of stable rational
filters Go(z)=>"7"0 9:(0)z"". Let {x, }nez be a sequence of
vectors satisfying (A0)—(A3) and (E). Then each sequence
{82() }nez, where s,(0) = Go(2)x,, is quasistationary and
has a well-defined autocorrelation function Ry(/;0) and
spectrum

Dy(v; 0) = Go(e”)D(v)Gj (™).
Furthermore, as L — oo,

— 0.
F'

sup
0eD

L
37 s O070) ~ R(£:0)

n=1

Proof. The first statement of the theorem is Theorem 2.2 of
Ljung (1999), proven on pp. 52-54, and the second state-
ment is a corollary proven on pp. 54. [

3. Statistical properties of PEM
3.1. Convergence

By Theorems 1 and 2, the prediction error expressed as the
output of a stable linear system ¢,(0) = Ty(z)x, is quasista-
tionary, where x,, = (4, y,)" and u,, y, satisfy assumptions
(A0)—(A3)and (B), and Ty(z)=(—H, '(z)Go(z), H; ' (2)).
By Theorem 2 we can say that the limit

V(o) & Jlim V1(0) = R,(0;0)

exists uniformly in 0 € D and that 0} — arg min,c,, V(0)
as L — oo for compact D.

3.2. Consistency

The spectrum of the prediction error is given by Forsell
(1999) (SISO case)

T *
o (V 0)_ 1 GO - G() ¢u ¢ue GO - G()
ST HP \Ho—Hy ) \ @0 @ ) \ Ho— Hy
~—_————
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(the frequency v dependence is omitted) so that the aver-
age prediction error is V(0) == ffn ®,(v,0)dv. Note that
white perturbations e(¢) have ®@,(v) = 1 > 0. As long as
®(v) > 0 for all ve [ — &, n] the system can be recovered,
ie. Gy = Gy and Hy = Hy. A requirement for consistency
is that the data must carry information about all modes of a
particular system. In closed loop, insufficient information in
the data for identification of the parameters of a particular
model may happen as a result of a linear time invariant rela-
tionship between u and y (Gustavsson, Ljung & Soderstrom,
1977). In this case, we say that the experiment is not in-
formative enough with respect to the model structure. Two
ways of getting around this problem are to use a persis-
tently exciting reference signal (i.e. #(¢) in Fig. 1) or time
varying feedback designed to make the experiment infor-
mative. By alternating between different linear controllers
(two controllers for the single-input single-output case) it
is possible to design an experiment which provides suffi-
cient information for identification (Ljung, 1999). In our
setting the facility for manipulating the reference signal or
the feedback is not available. On the other hand, the system
of interest has nonlinear feedback, which “...should, in gen-
eral, yield experiments that are informative enough” (Ljung,
1999). Our analysis shows that positive definiteness of the
data spectrum matrix for all frequencies serves as a sufficient
condition for consistency. Thus, we count on the feedback
nonlinearity to provide the richness needed for identifiabil-
ity if the harmonic content of the limit cycle is sufficient.

4. Example

Consider the system of Fig. 1 with components
_ 4(s +20)?

s+ D(s+2)(s+3)
and N(x) = (2/n)tan"!(x). We simulate in discrete time

using a sample period 4 =0.01 and zero-order-hold (ZOH)
versions of the transfer functions

H(s) = s+ 30

Gls) 5407

blz_l + b22_2 + bg,Z_3

G = ,
o(2) 14 aiz ' +az7 2 +a3z3
1+ ¢zt
HO(Z): 1 +d12_1

with parameters b; = 0.0469, b, = —0.0768, b3 = 0.0314,
ay = —2.9407, a, = 2.8825, a3 = —0.9418, ¢; = —0.7010,
and d; =—0.9930. This ensures that the identification model
structure exactly describes the plant and noise model.

We conduct experiments in two scenarios: in the absence
of noise and with uniformly distributed white noise
e, ~ U[ — 0.02,0.02]. Phase space trajectories are shown
in Fig. 3. Fig. 3 indicates one way that the analysis
might go wrong—the noise might be so large as to drop you
discontinuously onto an entirely different part of the limit
cycle which cannot be explained by random walk phase
shifts. Spectra of the noisy and noiseless outputs y are

Center Manifold (1)

()

Fig. 2. Co-ordinate system based on center manifold.

-4 -30

Fig. 3. Phase space: noiseless (solid) and perturbed (dotted) limit cycle
data.

50 T T T T T T T T T

40 1

20 - 1

power spectrum

—40 }

_50 ! ! ! !
0 1 2 3 4

5 6 7 8 9 10
frequency

Fig. 4. Power spectrum of system output for noiseless case (stems), and
perturbed case (solid line).

shown in Fig. 4. The perturbed output spectrum consists
of bell-shaped distributions centered around the harmon-
ics of the noiseless output as predicted in the analysis.
The noiseless experiment results in exact recovery of Gy.
Fig. 5 shows the percentage parameter errors for multiple
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Fig. 5. () Parameter error percentages for 100 experiments performed
Averages plus and minus one standard deviation.

noisy experiments performed with increasing data record
lengths. The monotonic decay of the parameter errors indi-
cates that PEM are indeed appropriate for noisy scenarios,
as expected from the obtained consistency results.

5. Conclusion

We have seen that data collected from a perturbed limit
cycling nonlinear feedback system can be valid for use with
PEM. In the absence of output disturbances, the data is pe-

at

various data record lengths. (o) Average parameter error percentages. (—)

riodic and therefore quasistationary. Data from a limit cycle
system excited by a small amount of white noise can be well
modeled as quasistationary by analyzing the effects of per-
turbation along the stable and center manifolds of the limit
cycle. By way of similar analysis, it may be possible to show
that data collected from other types of (perturbed or unper-
turbed) nonlinear attractors, such as chaotic attractors, also
fit the PEM framework. A general theory that demonstrates
the validity of PEM for these complex nonlinear dynamical
systems would be valuable in the area of nonlinear system
identification, which is still in its infancy.
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Appendix A

Proof (of Theorem 1). We begin with the autocorrelation
function of a signal x, of type (3)
R.(n,m)= Exnx,i
=E@En+ ¢ + ¢n) + £)Em + d + @) + %)
=Ex(n+ ¢ + @)T(m + ¢ + o)’
+EX(n+ ¢ + @)%, + EX,5(m + ¢+ o)’

0 by (A3)

+ Ex, %L
N——
£ Ri(n,m)

Write

Ex(n+ ¢ + @ )i(m+ ¢ + ¢m)”
T

—F E Xkejcuk(n-&-(b-‘rwn) E Y ejwk/ (m+¢+om)
k| <K |k'| <K
_ E XkaT/ e/ (@xntagm) o (0w )¢ pro J(Okput-p o)

[k| <K
[k'|<K

Assume w.l.o.g. n = m. By assumption (Al), when n > m

m m n
On = Wi @n=D Wit D wi
i=0 i=0

i=m+1
——

x x 2y

[

so that x and y are independent Gaussian random variables
with x ~ N(0,(m + 1)a2) and y ~ N(0,(n — m)a2). If
n=m then y=0. We can simplify the expression E(-) using
independence of x and y which results in

Eo/@xtoy G49) _ polOntoy ¥ pajouy.

The two expectations may be computed by interpreting them
as the characteristic functions of Gaussian random variables
(Leon-Garcia, 1989), i.e. if Z ~ N(0,0?) then Ee/¥* =
e~®7"/2 and therefore

Eej(wk Pnt O Om) _ e—[(me1)/2)]03,-((Uk+w/¢/ )ze—[(n—m)/Z](ii,wi, )

We are ready to compute the autocorrelation function. Begin
with 7 > 0 so

R(4)= AR(n,n — )
L

1 . .
1 - Jlogn+w (n—10)) 4 j(or+wg o
= Llll:l(’)lo 17 E E Lk X € k [ k
n=1 |k|<1(

k'] <K
Ee/(@kontop @u—r) + ARy(n,n — /)

_ § 71{715 ej(warwk/ )d)e—jwk/ /e—//2a§,wi/

k| <K
k| <K
1< ) .
% lim 72 ej(wkﬂuk/ )ne—[(n—/+l)/2)]17‘1.((uk+wk/)
L—oo

n=1

+ Re(?).

Note that Ry(¢) is well defined since it consists of filtering
of white noise through a stable system, by assumption (A2).
If wy # — w;, or equivalently k # — k' we find that

L
Z e/ (@k o g —[(n—+1)/)]o) (ot )

n=1

oo

< Z |ej(u);f +apr )n |e—[(n—/+1 Y/2)162 (0 +ays Y

n=1

oo
:KIZ C_Kzn < oQ.

n=1

Thus, the limit above converges to zero as L grows for
k # — k', and to unity when k = —k’, yielding

R(/)= Y wri' e’ D(k.0) + Re(0),
k| <K

where D(k,/) 2 e~/ For £ <0 we arrive at the
same expression for Ry(/) but with D(k,/) 2 e//?vicn,
Thus, for any £ € Z we use D(k, /) 2 e~(/1D@io. We can
express the spectrum by noticing that the product of D(k, /)
with e/’ translates to a convolution of the transform

o

Dp(k,v)= Y D(k,)e ™

/=—00

and a spectral line at v = wy, which simply shifts the center
of @p from the origin to wy. In summary

(V)= wi Polly — ) + De(v). O

|k <K
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