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combustion chamber
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This paper deals with the analysis of a set of measurements collected on a lean premixed combustion process operating in
a limit cycle. Due to the fact that the data are collected in closed-loop and the system has no external excitation, the
identi®cation task is particularly challenging. This work mainly focuses on the issue of the feasibility of the identi®cation
task. It will be shown that, despite the paucity of information available, a grey-box non-linear model can be estimated.
The model provides an explanation both of the limit-cycle fundamental oscillation and of a non-harmonic high-frequency
signal a� ecting the pressure of the combustion chamber.

1. Introduction

The aim of this paper is to discuss the problem of
analysing, interpreting, and modelling a set of data col-
lected on a real process. The speci®c process is a lean

premixed combustion process, as one might ®nd in a gas
turbine or jet engine, where the dynamics appear to be
governed by self-excited oscillations, whose frequency,
phase and amplitude depend on the current fuel-to-air

ratio.
The measured signals are the pressure and the heat

release rate at the burning plane recorded from the
UTRC/DARPA (United Technologies Research Cor-

poration/Defense Advanced Research Projects Agency)
single nozzle rig experiment. This is part of an experi-
mental programme conducted by UTRC, with the

objective of demonstrating the applications of active
control to lean premixed combustion systems.

The system is limit cycling. Because the measure-
ments are collected in closed-loop, the system has no

external excitation, the data are e� ectively purely peri-
odic and are ®ltered by the measurement device, the
identi®cation of a model of the process is very challen-
ging. The ®rst question to be addressed is, therefore, the

system identi®ably given the data.
Some interesting results can be obtained thanks to a

priori information embedded in a parametrized `grey-

box’ physical model. Speci®cally, the model provides
an explanation both of the limit-cycle fundamental oscil-
lation and of a non-harmonic high-frequency signal
a� ecting the pressure of the combustion chamber. On

the basis of this model structure it is possible to com-
ment on the experiment, and to interpret the data. This
work is an example of non-linear dynamic system iden-

ti®cation with the uncertainties of real world modelling
from experimental data.

The problem of modelling and understanding the
phenomenon of combustion instability in lean premixed
combustors has received a great deal of interest in recent
years, due to the signi®cant advantages, mainly in pollu-
tion control and fuel consumption, inherently yielded by
lean combustion. Refer to Culick (1976), Annaswany

and Ghoniem (1995), Isella et al. (1997) and Baldini et
al. (1999) for examples. The main contribution of this
paper, and its most peculiar feature, is to focus on the
problem of extracting the maximum amount of informa-

tion from a few sets of measured data in limit cycle, in
order to validate or invalidate a given model. We
emphasize the tight relationship between a model and
the available data, showing that non-linear identi®cation
is a genuine two-way process: not only can a physical
model help to interpret and ®t a set of data, but data

analysis can help to modify suitably, or understand
better, a physical model.

The starting point of this work is from Peracchio and
Proscia (1998), where the local model is derived from

physical principles. This model structure provides the
basis for a signi®cant data analysis in Murray et al.
(1998), which we amplify and extend. Using the same
sets of data, the aim of the present paper is to make a
step further, in order to give a comprehensive and homo-
geneous interpretation of all the features of the data set.

The outline of the paper is as follows. In } 2 the
measured data are brie¯y discussed and analysed, and
the relationship, in terms of phase and magnitude,
between the two measured signals at the fundamental

frequency is estimated. Section 3 is devoted to the
problem of estimating the parameters of a physical
model of the fundamental limit-cycling oscillation. In
} 4 the spectral content of the signals beyond the funda-
mental frequency is considered. In particular, the
problem of modelling a non-harmonic oscillation at

750 Hz is addressed. Some cautionary remarks form
the conclusion.
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2. The measured data: a preliminary analysis

The only signals measured and recorded on the
UTRC/DARPA single nozzle ring experiment are the
pressure p and the heat release rate q. Both p and q
are measured in the combustion chamber at the burning
plane, whose longitudinal position is supposedly almost
constant. During the set of experiments, collectively
labelled R228, six pairs of p-q measurements were
collected, corresponding to six di� erent valus of equiv-
alence ratio ¿ (table 1). The equivalence ratio is a crucial
parameter in the context of lean combustion; it is
de®ned as

¿ ˆ …WF=WA†
…WF=WA†S

where WF and WA are the fuel and air mass ¯ows
injected at the nozzle per unit of time. The subscript
`S’ denotes the stoichiometric value of the fuel-to-air
ratio. A standard stoichiometric combustion is charac-
terized by ¿ ˆ 1. Note that the UTRC/DARPA trials
have been performed at much lower equivalence ratios,
in order to test fully and understand the limits of a lean
combustion process.

In the sequel, the sets of data collected during the six
trials will be analysed under the assumption that they
are cyclo-stationary signals. It is important to stress that
this assumption is well satis®ed by the signals of
Experiments 1±4. It is not fully true for the signals of
Experiments 5 and 6, which are quite irregular and show
some time-dependent features. This is due to the fact
that the combustion process that takes place at a very
low equivalence ratio is on the limit of stability: it has a
very irregular behaviour, and tends to fade away. There-
fore, the results concerning these two sets of data are not
as reliable as those concerning the Data Sets 1 to 4.

In ®gure 1, the p and q signals of Experiment 1 are
displayed over an 80 ms time window, while in ®gure 2
their power spectra are displayed over the 0±1000 Hz
range. The signals measured in the other experiments
show similar behaviour. From a preliminary analysis
of the data in ®gure 1 and in ®gure 2, the following
can be said:

. q and p are characterized by a main non-damped
oscillation at about 210 Hz; since there is no ex-
ternal persistent excitation, the system must be
a� ected by a limit-cycle phenomenon. Notice
that this is possibly only if the system is character-
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Experiment number 1 2 3 4 5 6

Equivalence ratio ¿ 0.56 0.53 0.51 0.49 0.47 0.45

Table 1. UTRC/DARPA experiments (sampling frequency
5000 Hz; 16 000 samples available for each experiment).

Figure 1. Signals registered in Experiment 1 (80 ms time-
window).

Figure 2. (a) Power spectrum of p (Experiment 1). (b) Power
spectrum of q (Experiment 1), with DC component
removed.



ized by a non-linear element (e.g. a saturation

e� ect).

. Both p and q are mainly constituted by periodic

signals; the broad-band content of p and q is neg-

ligible.

. The periodic signals constituing q and/or p are

three harmonically-related signals, at about

210 Hz, 420 Hz and 640 Hz, and a non-harmonic

signal, as about 750 Hz.

. Only three sinusoidal signals are really detectable

in p and q: the ®rst harmonic signal in p and in q,

and the non-harmonic signal in p. The second and
third harmonic signals in p and q are extremely

small, whereas the non-harmonic signal is totally

absent in q.

According to the above remarks, the most important

and reliable piece of information is the relationship in

phase and magnitude of the fundamental oscillation in p

and q. This piece of information will be used extensively

throughout the paper.

The estimation of the relationship in terms of phase

and amplitude of the fundamental oscillation in p and q
can be obtained using many techniques (see, e.g.

Bitmead et al. 1986, Young 1999, and references cited

therein). Among them, the Fast-Fourier-Transform

(FFT) is a widely known technique for spectral analysis.

Using 16 000 data snapshots of a signal sampled at
5000 Hz, one can obtain an estimate of the spectral con-

tent of the signal, with a resolution of approximately
5000=16 000 ˆ 0:31 Hz.

The estimate of the limit-cycle frequency ~!! can be

obtained as the frequency where FFT‰p…t†Š has a maxi-

mum. The estimate of the phase shift and gain from q to

p at ~!! can be obtained as � fFFT‰p…t†Š=FFT‰q…t†Šg and
jFFT‰p…t†Š=FFT‰q…t†Šj, respectively, evaluated at ~!!. In

order to reduce the variance of the estimated phase-

shift and gain we used a weighted average of the esti-

mated phase-shifts and gains, over 11 values around ~!!
(the weights are the amplitude of the harmonic compon-

ent). The estimation results are listed in Table 2.

3. Modelling the fundamenta l oscillation

Due to the periodicity of the signals and the corre-

sponding paucity of information available from the

measured data, the estimation of a non-linear dynamic

model of the combustion process in a black-box fashion

(e.g. using approximation tools like Volterra series or
neural networks) is barely feasible. Some a priori knowl-

edge of the system must be taken into account. The most

intuitive and natural way of using a priori knowledge is

to resort to physical modelling of the process. The

knowledge of the main phenomena occurring during

combustion yields the main structure of the model; its

parameters then can be estimated on the basis of the
measured data. This mixed use of physical modelling

and data based identi®cation is usually called `grey-

box modelling’.

In this section we will focus on the ®rst harmonic

oscillation only; it is the main part of the measured

signals. The analysis and modelling of the remaining

parts of signals p and q will be considered in the next
section.

The ®rst-principles model used here to ®t the meas-

ured signals p and q has been mainly developed in

Peracchio and Proscia (1998). It has the structure dis-

played in ®gure 3, where:

. p is the pressure at the burning plane;
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Equivalence Frequency ~!! of the Phase-shift from q to p, at Gain from q to p, at the
Experiment ratio ¿ limit-cycle the limit-cycle frequency ~!! limit-cycle frequency ~!!

1 0.56 219.9 Hz 75.748 12.14
2 0.53 209.1 Hz 79.448 13.15
3 0.51 205.7 Hz 714.358 14.79
4 0.49 202.7 Hz 719.188 16.05
5 0.47 198.4 Hz 722.928 18.80
6 0.45 179.8 Hz 742.728 45.01

Table 2. Estimated characteristics of the self-excited limit-cycle oscillations.

Figure 3. Block diagram of the ®rst-principles model.



. F‰ Š is a static non-linear mapping; physical con-
siderations suggest that this mapping should be
characterized by a non-positive slope:

. q ˆ F‰ _pp…t ¡ ½†Š is the heat release rate at the burn-
ing plane;

. !, ¹ and N are the central frequency, damping,
and scaling factors of the second-order oscillator
representing the ®rst (main) acoustic resonance of
the combustor; M is the scaling factor of the third
acoustic resonance.

. ½ is a time delay; speci®cally, it is the time taken by
the mixed gas at the nozzle to reach the burning
plane at the end of the combustion chamber.

This model is derived by the Navier±Stokes equa-
tions, which provide the density, pressure and velocity
®elds in the combustion chamber, and by an energy-
balance equation. Note that the model does not contain
partial derivatives: it is obtained by expanding the sol-
ution of the distributed-paramete r model into the ortho-
gonal acoustic modes of the systems, de®ned by an
eigenvalue problem, and picking up the ®rst and third
modes.

This model is a simple mathematical description of
the following physical phenomena (see ®gure 3, clock-
wise):

. the pressure p is characterized by acoustic reso-
nant modes; as usual, they are modelled with
slightly damped second-order oscillators. First
and third harmonic oscillators allow a good expla-
nation of the data (see } 4), while keeping the
model complexity comparatively low. Physically,
they describe a semi-open or `organ-pipe’ acousti-
cal model of the combustion chamber;

. the normalized ¯ow speed is proportional to the
time derivative of the pressure;

. the heat release rate q is proportional to the
delayed ¯ow speed, distorted by a non-linear char-
acteristic F‰ Š; the delay is the travelling time taken
by the mixed gas to reach the burning plane from
the nozzle.

. the time derivative of the heat release is the input
of the second-order oscillator.

The model in ®gure 3 summarizes the a priori knowl-
edge of the physical phenomena taking place during the
combustion process. It can be complemented with
another piece of a priori information: the occurrence
of a limit cycle. This is the only way of explaining the
fact that p and q are characterized by a persistent oscil-
lation, despite the system having no external excitation.
Notice that the limit-cycling behaviour is compatible
with the model, because of the non-linear static charac-
teristic F‰ Š. The a priori information on the occurrence

of a limit-cycle behaviour can be formally expressed by
the following two conditions (Gelb and Van der Velde
1968):

. The phase shift of the linear part of the loop must
be exactly equal to 1808 (we assume that the slope
of F‰ Š at zero is negative), at the observed limit-
cycle frequency ~!!

� Ns2 e½ s

s2 ‡ 2!¹s ‡ !2
‡ Ms2 e¡½s

s2 ‡ 2…3!†¹s ‡ …3!†2

Á !

sˆj ~!!

8
<

:

9
=

; ˆ 1808

…1 a†

. The loop must be `unstable’ at ~!!, namely the local
gain of the loop at ~!! must be larger than 1

Ns2 e¡½s

s2 ‡ 2!¹s ‡ !2
‡ Ms2 e¡½s

s2 ‡ 2…3!†¹s ‡ …3!†2

Á !
F 0…0†

sˆj ~!!

> 1

…1 b†

. where F 0…0† is the slope of the non-linear charac-
teristic about zero.

The physical model and condition (1) strongly
reduce the complexity of the problem of estimating a
non-linear dynamic model of the combustion process.
In particular, notice that since condition (1 a) is an
`equality’ constraint, it can be e� ectively exploited for
parameter estimation.

The grey-box identi®cation problem reduces to the
data-based estimation of parameters f!; ¹; N ; M; ½g and
function F‰ Š. This issue will be treated in the rest of this
section. In } 3.1, the problem of estimating ½ will be
addressed; } 3.2 will be devoted to the estimation of
F‰ Š, whereas in } 3.3 the identi®cation of the parameters
f!; ¹; N ; Mg of the second-order oscillators will be dis-
cussed.

3.1. Estimation of the time-delay ½

The time delay ½ can be estimated as the phase shift
between q and p at the limit-cycle frequency. Condition
(1 a) can be rewritten as

� Ns

s2 ‡ 2!¹s ‡ !2
‡ Ms

s2 ‡ 2…3!†¹s ‡ …3!†2

Á !

sˆj ~!!

8
<

:

9
=

;

‡� fsjsˆj ~!!g ‡ � fe¡½sjsˆj ~!!g ˆ 1808 …2†

namely ¢̂¢…~!!† ‡ 908 ¡ ½ ~!! 3608 ˆ 1808, where ~!! is the
limit-cycle frequency measured in Hz, and ¢̂¢…~!!† is the
phase-shift from q to p at ~!!, measured in degrees. Since
(see table 2) ¢̂¢…~!!† always takes negative values, and ½
must be positive, in the above expression ¢̂¢…~!!† must be
replaced by 3608 ‡ ¢̂¢…~!!†, so obtaining
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½ ˆ …3608 ‡ ¢̂¢…~!!† ¡ 908
~!! 3608

…3†

Substitutng the results displayed in table 2 into (3)
gives an estimate of the time delay. The results are dis-
played in ®gure 4. It is interesting to note that the time
taken by the mixed gas at the nozzle to reach the burn-
ing plane is almost constant, namely it is not a function
of the equivalence ratio ¿.

3.2. Estimation of the non-linear characteristic F‰ Š
The estimation of the static non-linear characteristic

F‰ Š is, in principle, a simple task, once the time delay ½
is estimated. It can be obtained by plotting q…t† vs.

_pp…t ¡ ½†. Obviously, because of noise, unmodelled
phenomena, and disturbances, a scattered q…t† $
_pp…t ¡ ½† plot is expected. The best results in terms of
minimization of the scattering of the q…t† $ _pp…t ¡ ½†
plot are obtained by approximating _pp…t† as

_pp…t† ˆ ~!!p t ‡ 1

4

2º

~!!
…4†

where ~!! is the estimated limit-cycle frequency measured
in Hz. This result, found empirically, has a simple in-
terpretation. Aproximation (4) corresponds to a ‡908
phase shift of a sinusoidal signal at frequency ~!!.
Replacing the ®rst derivative of p…t† with (4) hence cor-
responds to considering q…t† and p…t† as constituted by
the fundamental oscillation only. This is preferable since
higher order harmonics in q…t† and p…t† are either small
or asymmetric (namely q…t† lacks some sinusoidal com-
ponents which are in p…t†). In ®gure 5, the plot of q…t† vs.
_pp…t ¡ ½† is displaced (Experiment 2).

In order to get an estimate of the nonlinear charac-
teristic, a scatter-plot smoothing technique must be
used. Here we use the simple method of dividing the
points into narrow vertical bins, and averaging the

value of the outputs within the bin. This method is

quite crude, but it is adequate for the purpose of this

analysis. The results of this averaging procedure are
summarized in ®gure 6. It can be noticed that, as ¿
decreases, F‰ Š slightly drifts to the left and becomes

¯atter.

From the estimated non-linear characteristics it is
possible to compute F 0‰ Š, the ®rst derivative of the char-

acteristic about zero. Such a parameter plays a crucial
role (see (1 b)) in determining the stability of the overall

loop and, therefore, the existence of a limit-cycle. The
estimated values of F 0‰ Š are summarized in Table 3.

Notice that the absolute value of the gain becomes smal-
ler as the equivalence ratio decreases. It is important to

stress that, as ¿ decreases, the plot of q…t† vs. _pp…t ¡ ½† is
more and more scattered. The estimation of F 0‰0Š for

low values of ¿ hence is expected to be less accurate.

1800 S. M. Savaresi et al.

Figure 4. Estimated delay (compared to the period of the
limit-cycle oscillation).

Figure 5. Scatter plot of q…t† vs. _pp…t ¡ ½†, and the corre-
sponding estimated characteristic (Experiment 2).

Figure 6. Estimated non-linear characteristics from scatter
plots of q…t† vs. _pp…t ¡ ½†, for di� erent values of ¿.



We conclude this subsection by checking the con-
straint (1 b), which must be ful®lled in order to yield a
limit-cycle. To this end, the loop gains at the limit-cycle
frequency are displayed in ®gure 7. They are computed
using the gains from q to p (table 2), and the values
of F 0‰0Š (table 3). By inspecting such results, we can
say that:

. The constraint is ful®lled for the ®rst four experi-
ments; it is not ful®lled for very low values of
equivalence ratio (¿ ˆ 0:47, and ¿ ˆ 0:45). In
such cases, however, the non-ful®llment of the
constraint is due to poor estimation of the local
gain of the non-linear function, which is subject to
high uncertainties, largely because of the failure of
the periodicity assumption.

. The local gain of the loop decreases regularly in a
linear fashion as the equivalence ratio increases.
Moreover, such a gain is only slightly higher
than 1. As a consequence, by inspecting ®gure 7
it can be roughly predicted that the limit-cycle
phenomenon should vanish for values of ¿ higher
than about 0.64.

3.3. Estimation of the second-order oscillator

The last part of the model to be estimated is the path
from q to p, namely

G…s† ˆ Ns

s2 ‡ 2!¹s ‡ !2
‡ Ms

s2 ‡ 2…3!†¹s ‡ …3!†2

G…s† is characterized by four parameters fM; N; ¹; !g,
which, in principle, are all functions of ¿. Using the
estimated q-p phase-shift ¢̂¢…~!!† and gain ÂAp…~!!†=ÂAq…~!!†
of G…s† at the limit-cycle frequency ~!!, for each value of ¿
the following two relationships can be written

Ns

s2 ‡ 2!¹s ‡ !2
‡ Ms

s2 ‡ 2…3!†¹s ‡ …3!†2

sˆj ~!!

ˆ
ÂAp…~!!†
ÂAq…~!!†

� Ns

s2 ‡ 2!¹s ‡ !2
‡ Ms

s2 ‡ 2…3!†¹s ‡ …3!†2

"

sˆj ~!!

#
ˆ ¢̂¢…~!!†

9
>>>>>>=

>>>>>>;

…5 a†

Note that at s ˆ j ~!! the term due to the third-harmonic
oscillator can be neglected. Henceforth (5 a) becomes

Ns

s2 ‡ 2!¹s ‡ !2
sˆj ~!!

ÂAp…~!!†
ÂAq…~!!†

�
Ns

s2 ‡ 2!¹s ‡ !2

µ

sˆj ~!!

¶
¢̂¢…~!!†

9
>>>>=

>>>>;

…5 b†

which, after simple manipulations, can be rewritten as

N ~!!��������������������������������������������
…!2 ¡ ~!!2†2 ‡ 4¹2!2 ~!!2

q
ÂAp…~!!†
ÂAq…~!!†

908 ¡ arctan
2¹!~!!

!2 ¡ ~!!2

µ ¶
¢̂¢…!̂!†

9
>>>>>=

>>>>>;

…5 c†

Apparently, parameters fM; N ; ¹; !g cannot be
uniquely determined for each ¿ since only two indepen-
dent relationships are available. In particular, M is not
identi®able via (5 c). This is intuitive since (5 c) uses
information at ~!! only (a frequency which is well away
from the central frequency of the third-order harmonic
oscillator). Henceforth, in the rest of this section, we
shall restrict our attention to the ®rst-harmonic oscilla-
tor only, namely

G…s† ˆ Ns

s2 ‡ 2!¹s ‡ !2

Some attempts (Murray 1998, Savaresi et al. 2000) have
been made in order to try to extract additional informa-
tion from the signal in the neighbourhood of the central

The case of a lean combustion process 1801

Experiment number 1 2 3 4 5 6

Equivalence ratio ¿ 0.56 0.53 0.51 0.49 0.47 0.45
F 0‰0Š (local gain at zero) ¡0:703 10¡4 ¡0:707 10¡4 ¡0:670 10¡4 ¡0:626 10¡4 ¡0:401 10¡4 ¡0:0872 10¡4

Table 3. Estimated gains of the non-linear characteristic about zero.

Figure 7. Estimated gains of the loop (indicated with the
symbol `*’).



limit-cycling frequency ~!!. The results obtained proved
to be quite unsatisfactory due to the system being
excited just over a very narrow bandwidth around the
limit cycling frequency. We can therefore conclude that
there exists an in®nite set of models G…s; ¿†, which ful®l
(5) and hence are compatible with or `unfalsi®ed’ by the
available data.

Despite this seemingly irresolvable indetermination,
it is still interesting to discuss brie¯y the problem of
restricting the class of unfalsi®ed models, on the basis
of additional qualitative reasoning.

First, from inspection of equations (5 c), the follow-
ing remarks can be drawn:

. The second-order oscillator aims to model a per-
sistent acoustic resonant mode. Hence, in order to
yield a persistent resonance, the damping ratio ¹ of
the second-order oscillator must be small.

. Since the estimated phase shift ¢̂¢…~!!† from q to p
is comparatively small (except for the lowest value
of ¿), the second equation of (5 c) can be approxi-
mately rewritten as arctan ‰2¹!~!!=…!2 ¡ ~!!2†Š 908.
If ¹ is small, this means that ! ~!!, namely the
limit-cycling frequency is in the neighbourhood
of the central frequency of the second-order oscil-
lator.

. In order that the second equation of (5 c) be ful-
®lled, ~!! must be always larger than !. This can be
easily understood with the help of ®gure 8, where
the Bode diagrams of G…s† for a speci®c choice of
the parameters (N ˆ 100, ¹ ˆ 0:2, ! ˆ 2º 200)
are plotted. Note that at ! the phase shift induced
by G…s† is exactly zero. Before ! the phase shift is
positive and beyond ! the phase shift is negative.

Starting from the above remarks, physical consider-
ations lead to the formulation of the following two

qualitative conditions, which can be added to the analy-
tic conditions (5 c):

. It is reasonable to assume that the central fre-
quency ! of the second-order oscillator should
not be subject to large variations, for di� erent
values of ¿. The central frequency ! of the oscil-
lator is the natural frequency of the ®rst acoustic
mode. As such, it is linked mainly to the geo-
metrical features of the combustion chamber,
which do not vary with ¿. Notice that this is
true under the assumption that the position of
the burning plane is ®xed. Some recent studies
(see e.g. Baldini et al. 1999) however, showed
that this assumption is not rigorously true; this
could explain small variations of ! when ¿
changes.

. It is reasonable to assume that the damping ratio

¹ tends to increase with ¿. This is consistent with
the fact that, as ¿ grows, the limit-cycling oscil-
lation tends to vanish, whereas for small values of

¿ the limit-cycle phenomenon is so strong and
undamped that it leads to an irregular combustion.

As an example, a set of six models compatible with
the measured data, which also ful®l the above `qualita-
tive’ conditions, is displayed in ®gure 9(a) (magnitude)
and ®gure 9(b) (phase).

4. Modelling the system beyond the fundamental
oscillation

This section is devoted to the analysis, modelling and
interpretation of the measured signals in the bandwidth
beyond the frequency of the fundamental oscillation. As
already said, this is a `marginal’ part of the signal in
terms of spectral power; however, something interesting
can be said about this part of the signal also.

By inspection of the spectral features of the meas-
ured signals p and q in ®gure 2(a) and (b) respectively, it
is apparent that, in order to give an exhaustive and
comprehensive interpretation of the data, the following
two peculiar characteristrics must be explained:

. The spectra of p and q, beyond the limit-cycle
frequency, are incompatible with the model in
®gure 3. Pressure p is characterized by two clearly
visible spectral components: a narrow-band signal
at about 640 Hz (the frequency of the third har-
monic) and a non-harmonic narrow-band signal at
about 750 Hz. However, neither of these is in the
power spectrum of q. This contradicts our model,
since the path from q to p is characterized by linear
oscillators and by a time derivative: they are just
linear ®lters and hence cannot explain the `rise’ of
two spectral components in p.

1802 S. M. Savaresi et al.

Figure 8. Bode diagrams of G…s† (®rst oscillator only) when
N ˆ 100, ¹ ˆ 0:2, ! ˆ 2º 200.



. The second main component of p, in terms of

spectral energy, is a sinusoidal signal that is not

harmonically related with the fundamental oscilla-
tion.

The seeming contradiction between the spectral con-

tent of q and p is explained by the fact that the measured
signal q is not the `true’ heat release ratio but it is a low-

pass ®ltered version of the actual q. The optical sensor

used to infer heat release has a low-pass behaviour. Its

cut-o� frequency is just beyond 200 Hz. Note that a

main consequence of the `asymmetric’ spectral content

of p and q is the fact that a standard optimization-based
identi®cation of a parametric model (e.g. using maxi-

mum likelihoodÐsee Ljung (1987)) based on I/O data

is infeasible. An attempt in this direction was made in

Murray et al. (1998), but the results were not satisfac-
tory.

The second issue (the presence of a non-harmonic

oscillation) is more subtle. To understand this problem

better, the central frequency of this non-harmonic oscil-

lation has been estimated in all the six experiments. The
results are displayed in ®gure 10, where the frequency of

the non-harmonic oscillation is compared with the

frequency of the third and fourth harmonic signals.

These results show a somewhat unexpected fact: in

spite of comparatively large variations of the third and

fourth harmonic frequencies, the frequency of the non-
harmonic signal is almost invariant with ¿. Two ques-

tions must therefore be addressed:

. How can the presence of a large non-harmonic

signal at that frequency be explained?

. Why the frequency of such a signal does not vary

much with ¿?

We propose a non-trivial but simple answer for both

issues. They can be summarized as follows:

. The apparent non-harmonic oscillation corre-

sponds to the frequency at which the Nyquist

diagram of the linear part of the system crosses

the negative real axis for a second time with mag-
nitude greater than one. Since a system cannot

support two non-harmonic limit cycles simul-

taneously, it is more likely that this represents

the presence of two oscillatory attractors in the

state with noise driving the exchange of energy
between the two. This is also supported by the

broader peak of the higher frequency signal. This

is discussed in greater detail in Dunstan et al.

(2000).
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Figure 9. (a) Bode diagram (amplitude) of a non-falsi®ed set
of models G…s† (the measured points are indicated with
`*’). (b) Bode diagram (phase) of a set of non-falsi®ed
models G…s† (the measured points are indicated with
`*’).

Figure 10. Frequency of the third harmonic, fourth har-
monic and non-harmonic signals.



. Such a frequency is almost constant with respect
to ¿ since it mainly depends on the time delay ½ of
the system. A ¿-independent ½ (see } 3.1) hence
yields a ¿-independent non-harmonic frequency.

In ®gure 11, the power spectrum of p produced by
simulation with the two-oscillators system is displayed
(using ½ ˆ 0:003 46, ! ˆ 2º 215, and ¹ ˆ 0:2). It is
characterized by two sinusoidal signals: the ®rst at
215 Hz, and the second at 746 Hz. Note that it repro-
duces almost perfectly the measured signal p. The poss-
ible occurrence of a second limit cycle is con®rmed by

the Nyquist plot of the linear part of the model (®gure
12).

In order to gain some additional insight in this pro-
cess, in ®gure 13 and 14 the Bode plots of the two linear

parts of the model (the two oscillators complemented
with the double derivative partÐ®gure 13Ðand the

time delayÐ®gure 14) are displayed. Speci®cally, the
second order oscillators are analysed for three di� erent

values of the central frequency (! ˆ 2º f185; 200; 125g,

¹ ˆ 0:25), and the time delay is analysed for three

slightly di� erent values of ½ (½ ˆ f0:00337; 0:00347;
0:00357g; ½ ˆ 0:00347 is the time delay actually esti-

matedÐsee } 3.1).
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Figure 11. Measured (Experiment 1) and simulared power
spectra of p.

Figure 12. Nyquist plot of the linear part of the system. The
two bullets are at 215 Hz (the inner one) and at 746 Hz
(the outer one).

Figure 13. (a) Bode plot (magnitude) of the second-order
oscillators, complemented with the double derivative
part (! ˆ 2º f185; 200; 215g, ¹ ˆ 0:25). (b) Bode
plot (phase) of the second-order oscillators, comple-
mented with the double derivative part (! ˆ 2º
f185; 200; 215g, ¹ ˆ 0:25).



The analysis of these Bode plots shows that:

. The presence of the two time-derivatives gives a

very peculiar shape to the magnitude Bode plot of

the linear part of the system: beyond the third
acoustic resonance it is quite large and ¯at. This

allows, at 750 Hz, a gain higher than 1 and a small

sensitivity of the gain/phase of the loop transfer

function with respect to variations of the funda-
mental frequency.

. The sum of the phase shift due to the linear parts
of the model at 750 Hz is exactly ¡9008: about

‡258 due to the oscillators and the time deriva-

tives (®gure 13(b)) and ¡9258 due to the nominal

time delay ½ ˆ 0:003 47 ms (®gure 14). This phase
shift is equivalent to ¡1808: hence it is compatible

with a permanent limit-cycling oscillation at

750 Hz.

. Because of the ¯atness of the magnitude of the

Bode plot beyond the third acoustic mode, com-

paratively large variations in the central frequency
of the acoustic modes (in ®gure 13 the e� ects of

about 15% variations on ! are shown) yield small

variations in the phase shift at 750 Hz (108).
Instead, the e� ects of small changes in the time

delay (in ®gure 14 the e� ects of about 3% varia-
tons on ½ are displayed) yield large phase vari-

ations (more than 508 at 750 Hz). This means

that the spectral location of the non-harmonic
signal is mainly determined by the time delay ½ .

The fact that the time delay and the frequency

of the harmonic signals are the only parameters

of the model which appear to be independent of

¿ is independent validation of the structure of the

overall model.

5. Conclusions

In this paper the problem of ®tting a set of data

collected on a lean combustion process using a ®rst-

principles grey-box non-linear model has been consid-

ered. The main results obtained here are:

. Despite the paucity of information contained in

the dominantly periodic data sets, the parameters

of the model can be at least approximately esti-
mated. The major indetermination, which cannot

be resolved, is the phase and damping ratio of the

second-order oscillators used to model the acous-

tic modes. Qualitative physical reasoning, how-

ever, reduces the set of unfalsi®ed models.

. Even the high-frequency part of the measured

signals can be explained and reproduced. Speci®-
cally, an explanation of the ¿-independent high-

frequency non-harmonic oscillation has been

proposed, which is consistent with the observed

data sets, with the model structure, and with the

dynamical properties between experiments.

. The data gathered are not informative enough to

invalidate the proposed model. The ability of this
simple model structure to support the data proper-

ties of limit cycling together with a non-harmonic

spectral peak is surprising, all the more so because

of the poor information content of the data from
which the model was ®tted. Nevertheless, one

must remain sceptical of the identi®cation process

and look to develop feasible (in)validation tests.

This subject is pursued in Dunstan et al. (2000).

The data used here are simply insu� ciently infor-

mative to invalidate the proposed model or its
structure.

Finally, we wish to stress that the presence of
multiple non-harmonically-relate d oscillatory attractors

is the most surprising and interesting feature of the

process we have considered. A preliminary analysis of

this very unusual phenomenon, based on bifurcation
theory, is proposed in Dunstan et al. (2000). The main

outcome of such analysis is a set of guidelines for design-

ing practically-feasibl e ad hoc experiments which can

provide enough information to validate/invalidate/mod-

ify the model proposed herein. It is worth reiterating
that, owing to the lack of information contained in the

currently available data, one must be cautious how

much is read into the results obtained without some

further experimental validation.
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Figure 14. Bode plot (phase) of the time delay (½ ˆ f0:003 37;
0:003 47; 0:003 57g).
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