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Abstract

The problem of controller tuning from one stabilizing value to another with a stability and/or performance
guarantee is broached using the v-metric of Vinnicombe. This is titled Cautious Controller Tuning and links
the v-distance between controllers to the stability margin. A number of scenarios are considered which treat
cases in which different information is available about the closed-loop system. This includes estimation of the
stability margin from closed-loop data and joint model and controller adjustment.
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1 Adaptation, Tuning and Iterative Control

Controller Tuning encapsulates a number of areas of control design in which closed-loop data and performance
are used as a basis to modify the feedback control law. At the heart of such schemes is the generation of a
sequence of controllers and the development of a logical process to attempt to improve performance based on
closed-loop data. There are several methods which immediately fall into this category, such as Adaptive Control
[AW89], Tterative Feedback Tuning [HGGL.98], Direct Tterative Tuning [KBB2K, K1.2K], Tterative Identification
and Control Design [ZBG95]. The differences between schemes rests in their use (or avoidance) of plant models,
their computation of adjustment direction from data, and their update rate. We shall treat systems with slow
update, in which a large block of data is acquired before a tuning step is made. In this framework, many results
from linear theories, both robust control and system identification, carry over.

We study the inclusion of caution into controller adjustment so that, from a stabilizing controller, stability
guarantees can be established for the subsequent controllers. Principal among the tools used is the v-metric
of Vinnicombe [Vin93], which describes a stability margin for a multivariable closed loop and then defines
allowable variations in the plant or controller for which stability guarantees are made. The v-metric extends
the gap-metric but possesses an important advantage in being simply computable. Vinnicombe’s result is that
the allowable alteration to a controller with a stability guarantee is related to the current stability margin. This
makes practical sense and augments earlier results in the gap metric.

In tandem with the computability of the v-distance between two controllers, we also study the problem of the
estimation of the stability margin from closed-loop operating data, without the need for a plant model. Because
we are interested primarily in controller tuning, we formulate the approach in terms of controller variations.
However, models of the plant do enter the analysis to facilitate the controller design. We introduce the dual
problem of plant model variation to attempt to capture some features of Iterative Identification and Control
Design. A number of people have considered cautious controller tuning using the v-metric [BGP97, ABGK98,
AG98, Bom98, KBB2K]. Here we combine and extend those results of the authors.

Controller tuning approaches and methods have arisen is several recent guises. Iterative Feedback Tuning
[HGGLY8], Direct Tterative Tuning [KBB2K] and Direct Adaptive Control [AW89] all are methods which seek
to adjust the parameters of a controller using available closed-loop signals to indicate performance, without the
use of an intermediary parametric model of the plant. In Iterative Feedback Tuning, an estimate is derived of
the gradient of the performance objective function with respect to the controller parameters. This estimate is
based on correlations of combinations of signals taken from the closed loop with the current controller. On the
basis of this estimate the controller is modified in a negative gradient direction to decrease the objective function
until a local minimum is achieved. Direct Iterative Tuning is conceptually akin except for the use of spectrum
information, rather than correlations. The main advantage is the ability to develop unbiased estimates of the
Hessian matrix to be used in conjunction with the gradient in, say, a Newton scheme. Direct Adaptive Control
uses parametrized closed-loop dynamics (poles) to determine modifications for the current parameters. In each
of these schemes, a direction of adjustment of the control parameters is determined via gradient or Newton
means. The role of the v-metric is then to provide admissible step-size information so as to constrain the
adjustment and guarantee closed-loop stability. Such a metric is expressed in terms of the v-distance between

the new controller and the current one.

Tterative modeling and control design has been espoused by a number of researchers [ZBG95, dCVdH97, BYM92,



SB93, LAKM93] as a practically useful approach to the joint development of control-oriented approximate
models and model-based controllers. The methods proceed by repeated, interleaved stages of model fitting to
closed-loop data with the current controller operating and of model-based control design, sometimes also using
frequency weighting based on closed-loop data. There may be several controller re-design steps per identification
experiment. Indeed, the Windsurfer Approach of [LAKM93] exploits a specific test for the need to improve
model quality from design to design. The interleaving of identification and control means that sequences of both
models and controllers need to be considered. The role of the v-metric is to provide stabilization guarantees for
both model and controller updates.

The outline of the paper is as follows. Section 2 presents some standard results on the v-metric and on coprime
factor descriptions of linear controllers. A new result on the variation of a stabilizing controller is proven which
links the conservative limits of Vinnicombe with the Youla-Kucera parameter. Section 3 deals with the use
of closed-loop data to estimate the stability margin of a plant-controller pair. This involves the estimation of
an oo-norm of a transfer function, for which an algorithm is given. Section 4 develops a sequence of problems
and results to provide guidelines for the tuning of controllers on-line. An example is worked. Section 5 moves
from controller tuning with either no plant model or a fixed model to the situation where both plant model and
controller are adjusted using closed-loop data from experiments.

2 Guaranteed stability and Vinnicombe’s v-metric

Cautious controller tuning involves the modification of the current stabilizing controller to a new controller,
while providing a guarantee of preservation of stability. One way of interpreting this is to say that the plant
simultaneously stabilizes both controllers. This is an inversion of the usual formulation from robust control in
which the controller is selected to stabilize simultaneously both the plant and the plant model. The method, of
course, works for both formulations.

Let us denote the actual linear plant system by P and denote the sequence of successive controllers by {C; :
i =1,2,...}. Suppose that the current controller, Cy, stabilizes P in closed loop. The immediate question
is: What conditions must be placed on the next controller, C2, to guarantee the stability of the feedback pair
(P, 02)?

Glenn Vinnicombe in his 1993 paper [Vin93] provides the following response (adapted for controller tuning).
Firstly, we make the following definitions.
Definition 1 (Condition C) Two controllers, C1(s) and Ca(s), satisfy Condition C if

det(I + C3C1)(jw) # 0, Yw and wno det(I + C3C1) + n(C1) —n(Cs) = 0, (1)

where wno(-) indicates the winding number of the Nyquist diagram of the scalar transfer function, evaluated on
a contour along the imaginary axis and indented to the right around any pure imaginary poles, and n(C) is the
number of open right-half-plane poles of det(C).!

I'We note that [ZD98] provides an alternative but completely equivalent definition using para-hermitian conjugate C’g(s) =

CT(—s) in place of the hermitian conjugate used here, C3(s) = CT (5), where (-) represents the complex conjugate.



Definition 2 (v-metric) The v-distance, §,(C1,Cs), between two controllers is given by

, if Condition C holds
o (2)
1, else

1 1
H(I +CoC3)72(Co— C)(I + CFCy) 2

0,(C1,C) = {

Definition 3 (Generalized Sensitivity Function) The generalized sensitivity function of the plant-controller
feedback pair (P,C) is given by

(3)

I(F,C) = ( P(I+CP)~'C P(I+CP)~! >

(I+cp)-tc (g+cp)t

Definition 4 (Generalized Stability Margin) The generalized stability margin of the plant-controller pair
(P,C) is given by,

(ITllse)™t,  if (P,C) is stable
*ro = (4)
0, else.
Definition 5 (Optimal Stability Margin) The optimal stability margin of controller C is given by,
bopt(C) = supbp,c- 5)

Theorem 1 (Vinnicombe) Consider a plant P and two controllers Ci and Ca, with C; stabilizing P. The
following results hold.

[I] (P,C5) is stable for all controllers Co satisfying 6,(C1,C2) < B if and only if bp.c, > B.

[II] For a given B < bopt(C1), (P,C2) is stable for all plants, P, satisfying 8 < bp,c, < bopt(C1) if and only if
0, (C1,C2) < B.

[III] If (5,,(02, Cl) <1 then
arcsinbp o, > arcsinbp o, — arcsind, (Cy, C2), (6)
and

0, (C4, C:
6,(C1,Cs) < ||IT(P,C1) — T(P,Cy)l|, < #
P,C1 P7C2

(7)

The importance of Part [I] of Theorem 1 is that it provides a sufficient condition on a new controller, Cs, that
will guarantee its stabilization of the plant P. This condition,

61/(027 Cl) < bP,C1 (8)

is characterized by two features:

e the distance from a known stabilizing controller, C, which is computable in terms of the frequency
responses of the two controllers, subject to the checkable winding number condition,



e the closed-loop performance currently achieved with the controller C;, which is computed in terms of a
norm associated with the frequency responses of sensitivity functions.

The closed-loop performance of the (P, C) pair is in part measured by T'(P, C), since the elements of T include
both the sensitivity function and complementary sensitivity function, which define the disturbance rejection
and tracking performance of the closed-loop, while the other functions describe control and plant gains. Thus,
Part [IIT] of Theorem 1 indicates a bound on the closed-loop performance achieved by the stabilizing modified
controller Cs.

In fact, one can see that the theorem effectively provides a sufficient condition for the retention of performance
as well as stability. If (8) is strengthened to say

(5,,(01, 02) <0.1 bp’cl,
then the right-hand inequality of (7) yields

IT(P,C) = TPl < OLIT(P )l
1
AT

One upshot of these results is the intuitive property that well-behaved controllers, as measured by those with
smaller ||T(P,C)||«, provide greater scope for variation before striking stability or performance guarantee
barriers. This connection between robust stability and robust performance has been explored more fully in
[MG90].

Later, we shall be interested in exploring these results in a situation where the transfer function P(s) is not
available, but experimental closed-loop data is available; we shall describe then how bp, - can be estimated from
closed-loop data, even if the plant P is unknown. The immediate attraction of the v-metric formulation for the
successive design of controllers is that an a priori stability guarantee is provided in terms of an estimate of the
current closed-loop performance even when the plant is not actually known.

A geometric interpretation of the v-metric is available for scalar transfer functions as the maximal chordal
distance between the projections of Cy (jw) and C2(jw) on the Riemannian Sphere, see [Vin93a, ZD98, Bom98],
while the generalized stability margin, bp ¢, is the minimal chordal distance between the projection of P(jw)
and Wlw) on the same sphere. One immediate insight from this interpretation is that the v-metric is most
sensitive to variations between controllers where either C (jw) or Ca(jw) is close to one in magnitude. Bombois
[Bom98] uses this property to suggest techniques which keep 4, (PC1, PC>) small in order to maintain frequency
responses close at the gain cross-over frequency for the purposes of controller reduction.

It should be stated here that Theorem 1 is inherently conservative, since each part pertains to properties
possessed of a class of systems. A direct (but still conservative) variant of this result[ZD98] affords the extension
of the inequality (8) to hold on a frequency-by-frequency basis. In this fashion, a frequency function bp ¢, (jw)
may be defined as the inverse of the maximal singular value of the generalized sensitivity matrix at a particular
frequency or, alternatively, as the chordal distance between the projections of P(jw) and ﬁ on the Riemann
sphere. Similarly, one may define 4, (Cy,C2)(jw) and generalize the stability result as is done in the following
Corollary 1. In the sequel for notational convenience we shall use the more conservative result of Theorem 1 while
recognizing that this more detailed, relaxed variant is equally applicable. The winding number condition, C, must

apply in both cases. The non-conservative, necessary and sufficient conditions for simultaneous stabilization



given by the Youla-Kucera parametrization will be discussed shortly. These latter conditions do not lend
themselves simply to the introduction of a metric.

Corollary 1 ([ZD98]) Define the frequency-dependent stability margin of the stable feedback pair (P,C4) by

bpcy (@) 2 ok (T(jw))

where omax(+) is the mazimal singular value, and define the frequency-dependent distance between controllers at
frequency w,

5y (C1, Co, ) 4} Omax ((I+ Cz(jw)CE(jw))_%(Cz(jw) - Ci(Jw) (I + C{(jw)Cl(jw))_%) if Condition C holds ‘

1 else
The feedback pair (P, C>) is internally stable if 6,(C1,C2,w) < bp,c, (w) for all w. Further

arcsinbp o, (w) > arcsinbp o, (w) — arcsin 6, (Cy, Ca, w).

We are able to develop the relationship between the difference between successive stability margins and the
oo-norm of the difference between the closed-loop generalized sensitivity functions T'.

Corollary 2 Consider the two stable closed-loop systems (P,Cy) and (P,C3). Then
|bp.c, —bp,c,| < 6,(C1,C2). 9)
Hence

becs — bpca| < 8,(Ch, Cs) < IIT(P,Cy) = T(P, G|, < 4G C2)

. 10
~ bpc,bpc, (10)

Proof: The right side of (10) is a restatement of (7) of Theorem 1. Denote T3 = T(P,C1), To = T(P,Cs).
Since Ty ' — Ty ' = T, 1 (Ty — Ty) Ty Y, using the triangle inequality we have

7=l < - < n =Tl |72

Using the right inequality of (7) yields the result. \VAYAY)

2.1 Coprime-Factorizations and the v-metric

Our purpose is to consider applications of the v-metric in the realm of controller tuning either with or without
approximate models of the plant being available or adjusted. Because this aim sees us seeking guarantees of
remaining within the class of stabilizing controllers, it is useful to introduce coprime factor descriptions of the
plants and controllers. Coprime factorizations admit the generation of the entire class of stabilizing controllers
for a particular plant and, within the constraints provided by the v-metric, it makes sense to move within
this class where possible. The parameter which completely describes the movement within this class is the
Youla-Kucera parameter.

The three results that we recall and/or establish are expressions for d,(Cy,Cs) in terms of coprime factors,
for bp,c in terms of coprime factors, and for §,(C1,C5) in terms of the Youla-Kucera parameter. These will



be used subsequently for the study of movement between successive controllers. We begin with some standard
definitions.

RHLP*™ is the space of stable, proper p x m transfer function matrices. A right coprime factorization of a
p X m not-necessarily-stable transfer function matrix P is a fraction, P = XY !, with X € RH..?*™ and
Y € RHo™*™ with Y invertible at almost every point of the complex plane. A left coprime factorization is
similarly defined with P = V~1X, X € RHoo?*™ and ¥ € RHo.P*P and almost everywhere invertible.

A right (left) normalized coprime factorization is a right (left) coprime factorization which satisfies the further
condition
X*X4+Y*Y =1, (XX*+YY*=1,).

A unit in RHo™*™ is a transfer function matrix which is stable and proper, and has a stable, proper inverse.
That is, if U is a unit in RHe™*™ then U~! also is in RHoo™>*™. Given a plant P with right coprime
factorization P = XY ™! and controller C' with left coprime factorization C = D~!'N, we may write the
generalized sensitivity function matrix 1" as

_( PI+cP)"'Cc PUI+CP)'\ [ X N N N
T(P’C)_< (I+CcP)y"'Cc (I+CP)! >_<Y>(DY+NX) (N D)‘ (11)

Thus, if and only if DY + NX is a unit, is the feedback pair (P, C) internally stable, see [GL95].

We first recall the connections between the v-metric and the normalized coprime factors.

Corollary 3 ([Vin93]) Suppose there exist normalized coprime factor decompositions of the controllers C1 =
NiD{' = D{'Ny and Cy = NoDy' = Dy Ny. Then,

HINDQNl - N2D1H , if condition C' holds (12)
1, else.

61/(01702) = {

Condition C': det(NyN; + D3D;)(jw) # 0 Vw and wnodet(NyN; + D3Dq)(s) = 0.

Corollary 4 ([Vin93]) Suppose the feedback pair (P, C) is internally stable and suppose there exist normalized
coprime factorizations P = XY ' and C = D~'N. Then,

1
O max [([)Y + NX)—l]

bpc(w) = (13)

Proof: We have

o) = e () (03 +3) " (5 2 ) () (or8x) (30 v0))
= e () (o) (presx) (0 v))
= o ((pr o) " (e v ) () (v o))
— (D7 +5x) )



\AAY

We note that these results rely on the coprime factorizations being normalized. The next well-known theo-
rem describes a parameter for moving between stabilizing but unnormalized coprime factorizations. Such a

straightforward parametrization of normalized coprime factors is unavailable.

The following theorem is akin to Theorem 1, in that it describes a class of permissible controllers Cs, which, if
substituted for a stabilizing controller C}, ensure that stability is retained. However, Theorem 2 requires full
knowledge of the plant, as opposed to Theorem 1 which requires a single number, a stability margin.

Theorem 2 [GL9I5] Consider a plant P and controller Cy with coprime factor descriptions over RHy, P =
XY 1=V-1X and C; = NlDl_1 = Dl_lﬁl. Controller Cy will internally stabilize P if and only if it may be
written as the following linear fractional transformation for some Q € RHo™*P.

C; = (M —-YQ)(D1+XQ)™" (14)
= (Bi+@x)” (Fi-qF).

The stable, proper transfer function () above is known as the Youla-Kucera Parameter after the originators of
the idea.

These earlier results provide a basis from which to express the v-metric distance between two stabilizing con-
trollers in terms of their Youla-Kucera parameter and coprime factors.

Corollary 5 Consider an internally stabilizing feedback pair (Py, Cy) with coprime factorizations P, = XY 1 =
Y 'X and C, = NlDl_1 = D;INI, with D1Y + N1 X = I and YDy + XN; = I without loss of generality.

Suppose that controller Cy also internally stabilizes Py and so from (14) has coprime factorization
~ ~\N—1 /. - S
Cy = (D1 n QX) (N1 ~ QY) = D;'Ny, for Q € RHoo.

Then,

L 1
(D2D; n N2N2*) Q(DiDy + N¥Ny) 2| if Condition C holds,

0,(C1,Cy)

o
1, else

(D1 +QX) (Dt + X*Q) + (Wi — QF)(N; ~¥*Q)) * Q(DIDy + N; )2 |

= oo (15)
if Condition C holds,

1, else

Define the class of Py-stabilizing controllers {Cy : a € [0,1]} by
~ ~\—1 /. ~
Co = (D1 ¥ aQX) (N . aQY) .

There exists a number 0 < ag < 1 such that Cy and Cy satisfy condition C for all a < ap and 6,(C1,Cy) is
given by (15) with Q replaced by aQ.



Proof: From (2) and denoting Cy = D, ' N, we have

1
H(I-FCQCZ 75 02 - Cl)(I+Cf01)7§

[e8)
1

1
H Y(DyD% + Ny N3 Dy ) 2 (D;l(NgD1 - D2N1)D;1) (Dy*(DiDy + NfN,)Dy 1)

o

Considering just the final few terms, we have the following.

D=

Il

1
[Dll [D;* (DfDy + NfNy) Dy Y] 2] L *(DfD1 + N{N;)D; ]2 Dy

[D

1
[0* (D¥D; + N{¥Ny)2 DT 1] D, for some unitary matrix 6,
6

1
*(D¥Dy + NfNy)2 .

1

This yields the right side of (15). Note that, if for hermitian X > 0 we define X 2 as the unique positive definite
1

square root of X, then any square Y which satisfies Y*Y = X will necessarily be of the form ¥ = X2 for

some unitary matrix 6.

The set of Pj-stabilizing controllers {C, : a € [0,1]} contains C; at @ = 0 and C; at « = 1. For a = 0,
Condition C holds and 6, (C1,Cq) = 0. If Condition C fails for some a € [0, 1] then there must hold for some
smallest ap that det(I + C5 C1)(jw) = 0 and 6,(C1,Cs) = 1. The continuity of this determinant establishes
the result. \YAYAY,

The parameter « in Corollary 5 defines a homotopy of controllers C,, which stabilize P;. As a — 0, §,(C1,Cy) —
0 continuously in «. This property will be used in constructing guaranteed stabilizing controllers. Controller Cy
constructed via the Youla-Kucera parameter Cy = (D; + QX)~'(N; — QY), need not lead to 6,(Cy,Cs) < 1.
This is illustrated by the dual of the example of [BGB97], in which two plants, P; = and P, = —L22

= (- )( 3) (s+7.32)°
are stabilized by the same controller, C' = 5.918, but do not satisfy Condition C.

Now consider the situation of model-based control design, where we are contemplating changing a known
controller, C'y. We have also a known model, P, of a partly unknown plant P; we do however know, at
least with high accuracy, bp,c,. We use the model P; as a basis for designing an improved controller Cs, but
contemplate changing C; in the direction of Cs, but not necessarily as far as Cy itself, in the following way.
In case 6,(C1,C>) as given by (15) exceeds bpc,, we choose a controller Cy, to use instead of Cs, requiring
that d,(C1,Cq) < bp,c,. Thus controller tuning may be conducted using nominal model P; and actual margin
bp,c,. Corollary 5 allows us to compute allowable limits for Cy, in terms of its Youla-Kucera parameter and
the initial (P, Cy) designed loop. The latter part of the result states that a connected path of controllers may
be constructed from C; until the condition guaranteeing stability is violated. This holds even if Cy does not
satisfy Condition C with Cj.

3 Estimating margins from closed-loop data

At the core of the use of the v-metric for cautious controller or model adjustment is the need to compute or
estimate the value of the co-norm of the closed-loop achieved sensitivity matrix T'(P,C). In this section we



consider how this might be done using a finite set of discrete-time experimental data from the closed-loop and
without a model for P2. The questions that we shall pose deal with two central issues:

e How ought closed-loop signal measurements be used to obtain an approximate overbound for ||T(P, C)||ec =
by or its frequency-by-frequency equivalent omax [T (P, C)(e7%)]?

¢ What external excitation signals ought to be applied to the closed loop, and at which points in the loop,
in order to enhance our ability to estimate this number?

3.1 Estimation of co-norms from data

The field of Hy, System Identification [HIN91, GK92, NG95, MPG95] treats the computation of an entire causal,
stable model T'(z), which is co-norm close to the real closed-loop system 7T'(z), and provides a measure of the
co-norm error, || T —T||os < . This information would suffice to bound [|T|oe < ||7'||so +7- Frequency weighting
may be introduced and v allowed to vary with frequency to yield tighter bounds. The requirement to compute
the entire approximant, T, is much greater than a requirement to estimate the co-norm of T'. Nevertheless the
methods are closely allied.

Evidently, if the error, 7, can be maintained small relative to ||T'||, then ||7'|| provides a reasonable estimate of
[|T|| without the need for further calculation — especially when other conservative safety factors are built in.
From this point we shall assume this to be the case, although the references on H, identification focus strongly

on error bounds and we do indicate some connections as we proceed.

Throughout this section, our focus will be on the computation of the stability margin of the true system P with
the current controller C; without using or generating an open-loop model for P. In this fashion the closed-loop
data are allowed to speak for themselves as an indicator of the margin of stability. This data will then be used
to constrain admissible variations of the controller, as indicated above.

We record data to allow us to estimate the complete generalized sensitivity function, 7. We assume that neither
the true plant, P, nor the controller, C, has any internal unstable, pole-zero cancellations. Thus any unstable
near pole-zero cancellations between the plant and controller will be visible from the data recorded at the input
and output of the plant and the controller, and therefore will appear as instabilities in T'.

3.1.1 Estimation of frequency response values

The generalized sensitivity function in all cases of interest to us should be stable. It comprises at least four
scalar transfer functions. Let us consider the estimation of its frequency response as a task of estimating that
of (a number of) scalar stable transfer functions from input-output data. We consider firstly the problem of
estimating a scalar frequency response at a single frequency from input-output data from a stable system. We
recast this as a specialized open-loop identification problem before moving on to use these estimates as the basis
for estimation of the stability margin.

2Without further comment, we note that the continuous-time results so far stated may be used mutatis mutandis in the discrete-
time domain by calling upon, for example, the bilinear transform to map between the frequency domains. We switch to discrete
time here because finite data sets only make sense in sampled data.

10



Consider the open-loop estimation of a scalar stable transfer function G(z) from input-output data {y:,u:}
generated by
yr = G(2)ug + vy,

where the disturbance process v; is generated by filtering zero-mean white noise through a stable system and is
independent from u;. We assume that all the signals are quasi-stationary (so that spectra such as @,(w) and
®,(w) are well defined) and we seek to fit a process model, G(z), and disturbance model, H(z), to minimize the
summed squared filtered one-step-ahead prediction error. This is precisely the formalism of Ljung [Ljung99]
and we appeal directly to his formulation of this prediction error criterion in the frequency domain to write

1 Y 2
_ f_af
SO EANE
=1
Under reasonable conditions such as quasi-stationarity,

™ ejw 2
lim Jy = L {|G(ej‘”) — G(e?) 2B, (w) + <I>U(w)} |I:( )

———— d 16
N oo 27 J_ . |H(ejw)|2 W, (16)

where L(z) is the stable data weighting filter, y{ = L(z)y; is the filtered measurement and ﬁfl ;1 is the one-step-
ahead prediction of y{ using the model (G, H) and the filtered input uj = L(2)u. This formula describes the
distribution in importance of various parts of the frequency range in achieving a fit to G and to the disturbance
spectrum ®,,.

Equation (16) describes the bias of the estimator based on this criterion. In the case where the model structure
(G‘ , H ) allows exact matching of the process, it is also possible to write down an approximate expression for the
covariance of the transfer function estimate [Ljung99].

n By (w)| L) ?

Cov G (E™) ~ 5 5 @) L@

(17)

where n is the model order and N is the number of data as above. One might be tempted to cancel |L(e/*)|.
We have left it in, since it is important to recognize the effect at frequencies where L is zero.

If we choose data weighting L(z) to be narrow band-pass, then the identification concentrates around the
passband frequencies of L. Indeed, if L were infinitesimally narrow-band about frequency wyq, then fitting with
this criterion while using a fixed (parameter-independent) noise model H would result in G(e/0) ~ G(e/“0),
(see (16)) with a variance given by the noise-to-signal ratio at wy divided by the number of data. This latter
choice is used as a starting point in H,, system identification to produce an approximant with a frequency
dependent error bound.

The assumptions needed to produce a close estimate G(e/“°) of G(e/“°) are;

1. that the frequency response of G/(e/*) is smooth at w = wo,

2. that the input signal has energy in this band, so that ®,(wp) is strictly positive,
3. that the noise spectrum has finite energy in this band, so that ®,(wp) is finite,
4. that a fixed noise model, H(z), is used in the identification.

5. that the initial condition effects in L(z) have dissipated,

11



6. that sufficient data are used to be able to appeal to the statistical features of the Law of Large Numbers
and the Central Limit Theorem underpinning the bias formula (16) and the variance formula (17),

7. that the model complexity is sufficient to capture the frequency response in the band, so that the variance
formula (17) may be used.

Assumption 1 is a a form of heightened stability requirement on G(z). Assuming the impulse response of G,
{9k}, to be absolutely summable we have formally
0G(E*) 0 X he o i
_— w — k J w_
dw dw l;_o gk€ kE_OJ gr€

Accordingly, if )" k|gr| is bounded then smoothness holds. Obviously if |gi| decays exponentially, there is
smoothness with an improved bound for greater degree of stability.

Assumption 5 is frequently overlooked. It becomes increasingly an issue with diminishing bandwidth of filter
L(z), since the persistence of initial conditions is related to the bandwidth directly by the time-bandwidth
product. It may be combined with Assumption 6 which requires that sufficiently many data are collected to
admit the use of these formulae to describe the bias and variance. In practical terms this means that N should
exceed several time-constants of L. Note that, with N sufficiently large, the bias term should dominate the

variance term in quantifying the error.

In our case of interest, where we wish to estimate T'(P, C)(e/*), once the individual scalar frequency responses
of the elements of T'(P, C) are estimated at a particular frequency, w;, they may be “stacked up” to provide an
estimate of the complete matrix T (P, C)(e/“).

3.1.2 Estimation of margins

The above results concern the estimation of a single point of the frequency response of G(z) or T'(P,C) after
stacking the element estimates. To move from this point to the estimation of omaxT (P, C)(e?¥) requires the
evaluation of the frequency response at a number, M, of points, typically an evenly-spaced grid at frequencies
around the unit circle. Then the maximizer over frequency of the maximal singular value of the frequency
response T'(P, C) is sought. A similar grid of points may also be used as the basis for estimation of a complete
transfer function approximant, T'(z), at all frequencies. Computation of ||T'||os provides an alternative method
to estimate the margin.

In practice, the filters L(z) are chosen to be the M filters of the M-point Discrete Fourier Transform with centers
at 2kw/M. Such a choice of filter family has a number of beneficial features including ease of computation,
familiarity, M-sample deadbeat response etc. The bandwidth of these filters is approximately 27 /M radians per
second. Methods such as those described in adaptive frequency-sampling [BA81] can now be applied to conduct
the regression estimation as above. Because the data-length, IV, is much greater than the filter response time,
M, the regression smoothes the filtered data in each bin.

An alternative approach is to choose an integer m so that mM is equal to the data length N. An mM-point
DFT is performed on the data yielding mM complex frequency bin values. Of these, the zeroth and then every
mth bin value is selected. The bandwidth of each of these filters is 2r/mM but some straightforward algebra
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shows that the equivalent filters are compositions of the M-point DFT followed by an m-point moving average.
The computation of the frequency response estimate at the sample point proceeds by quotient of the respective
bins of filtered input and output.

The kth filter (k=0,...,M — 1) of an M-point DFT may be written as,

1 — M+ j2nk j2mk2 j2mk(M—1)
Lim(z)= —57——=1+em 27 te ™ 272 4e wm  MHL
1—e 2~

The kmth filter of an mM-point DFT has the form

mM-—1 m—1 M—-1 m—1
j2mkme ars j2mke s
Limmm(2) = E e mm gzt = E 2~ Mi E e 27t = E z M’Lk,M(z).
i=0

£=0 =0 =0

When combined with the stability margin of G, an estimate may be computed for the accuracy of each sample,
which in turn can be used to evaluate an overbound for the total co-norm error. This is not pursued further here.
As stated above the maximizer of the maximal singular value of the constructed frequency response samples of
T(P,C) is used as b;,lc.

The steps to yield the full approximant G(z) to G(z) from the frequency response samples are discussed in
[HIN91, NG95], in the context of bounded measurement noise only. The frequency response samples are used
to generate an impulse response, which is extended to a non-causal co-norm-close transfer function. The Nehari
Extension is used to approximate this in oco-norm by a stable, causal system. Given the approximant G(z)
for each element of T'(P,C)(z), we compose an approximant to T'(P,C) and then use either ||T'(P,C)||e or
[|T(P,C)||co + 7 as the estimate of ||T||oo, where  is the error bound carried through the computations. For
large numbers of data, IV, and large numbers of frequency sampling points, M < N, we may neglect the ~y term
provided excitation is adequate.

3.1.3 Signal excitation for margin estimation

There are four transfer functions to be estimated at points around the unit circle to compute ||T||co. As is
amply illustrated by the bias and variance formula (16-17), broadband, sufficiently rich input signal spectrum
content is a critical feature in exposing the transfer function to be estimated. This might be achieved by using,
for example, a wideband stochastic input or an almost periodic signal composed of a sufficient set of sinusoids.
Absence of input signal power at an estimation frequency can lead to bias and/or produce unmanageable
variance. To overcome the possible absence of signal power due to the effects of the controller or of the plant,
excitation reference signals should be introduced both before and after the controller?.

For our purposes, let the input to the controller be r; — y; and the input to the plant be uy = C(2)(ry —yt) + s¢,
where r, and s; are external, known excitation signals assumed independent from each other and from the
process disturbance v;. Then

U S— (18)
Yo = 1xpctT1xPC T 1+ PO
1 C
u = Trpettirpct T 1 POt (19)

3The introduction of excitation signal s; after the controller is important when the controller has poles on the unit circle, since
then the controller’s presence prevents identifiability from 7; at these poles of those elements of T(P, C') without C in the numerator.
As C is usually known, the need for this additional s; excitation can be simply evaluated.
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Note that each of the transfer functions comprising T is available by regressing y; or u; (the closed-loop data) on
either ry or s;. Further, there is no additional filtering on these signals which might compromise the quality of
transfer function estimation. Accordingly, if C' is not well known, we propose that the closed-loop experiments

be conducted with wideband, independent excitations r; and s;. If C is known and does not contain poles on

PC C

7pc ad Tpp

the unit circle, then the excitation signal r; may be taken as zero and the estimates of may be

computed from those of HLPC and H#PC.

4 Cautious Controller Adjustment

We have presented in Section 1 results pertaining to the use of the v-metric in guaranteeing closed-loop stability
with a new controller. The condition is expressed in terms of the v-distance between controllers and the closed-
loop stability margin. Section 3 examined the estimation of this stability margin directly from closed-loop
data without the need for an intervening plant model. Here we shall explore the combination of these ideas in
controller tuning with guarantees of stability.

The approach, following [AG98], is by considering a sequence of indicative problems, which build on earlier
results. Recall that the calculation of bp ¢ from data did not require either the knowledge of the plant or the
use of an open-loop plant model. Joint model and controller adjustment with caution will be considered in the

next section.

Problem 1 — Known margin

Consider an unknown plant P and known current stabilizing controller C; with the closed loop yielding
a known generalized stability margin bp,c,. What restriction must be placed on the next controller
Cit1 in order to guarantee stabilization of P?

The solution to Problem 1 is directly given by Theorem 1: a sufficient condition for the stability of the (P, Cit1)
loop is that 6, (Cit1,C;) < bp,c,. Data for verifying the inequality are available.

In the event that the controller is locally continuously parametrized by a real vector p;, so that C; = C(p;), we
may seek to modify the controller C; along the negative gradient direction —V,J, where J is the performance
objective to be minimized. That, is we adjust the controller via

piv1 = pi — BMN ,J(pi), (20)

where 8 is the step-size of the update and M is a non-negative definite matrix, possibly an estimate of the
Hessian. This is a version of Problem 1 in which we seek to choose § to ensure that Ciy1 = C(pir1) is
sufficiently close to C; as measured by the v-metric. In practice this results in the acceptance of a § which
achieves

0 < mibp,c; < 6,(Ciy1,Ci) < v2bpc; <bpc;,

for some predetermined factors {yi,72} € (0,1). This is the approach adopted in [KBB2K] and expanded in
[Kam98]. The factor 7; seeks to ensure a sufficiently, nontrivial move from Cj;, while ~, is a conservative safety
factor coping with the stability guarantee. In principle we could take y» = 1.
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We note also, from (15) and Corollary 5, that for controller tuning involving adjustment of coprime factors via
the Youla-Kucera parameter, one may also generate a class of controllers, Co, a € [0,1], where the Youla-Kucera
parameter is a). For small , the expression (15) for 4, (C;, Ci+1) has a simple close-to-linear dependence on
a, which lends an easy interpretation of the manageable change. Of course, to work with a Youla-Kucera
parametrization, one requires coprime factors of the nominal plant model stabilized by C;.

Problem 2 — Close closed loops

Problem 1 is a direct application of Vinnicombe’s result, modified to describe controller tuning rather than
robust control, where the one controller, C, is designed to stabilize the model, Py, and we ask also that it
stabilize the true plant, P. Within our controller tuning framework, we now ask about the modification of a
controller which stabilizes both a model and the true plant. In particular, we consider the permitted variation
of a controller when the true and model-based closed-loop generalized sensitivity functions are close. This is
a problem reminiscent of questions arising in closed-loop system identification; some closed-loop identification
schemes focus on securing a model Py such that T'(P, C;) —T (P, C;) is small in some norm, for example [ZBG95]

uses the Lo norm.

Consider an unknown plant P and nominal model Py with known controller C; stabilizing both P
and Py. The achieved generalized sensitivity function T'(P,C;) is unknown, as is the stability margin
bp,c;, but assume that ||T(P,C;) — T (Po, Ci)||eo (or a bound on it) is known. What restriction must
be placed on the next controller C;y1, which stabilizes Py, in order to guarantee stabilization of P?

A sufficient answer is available directly from Theorem 1. We have 6, (P, Py) < ||T'(P,C;) — T'(FPo, C;)|| from an
obvious variant of (7). Further, from (6) we have

arcsinbp o, > arcsinbp, ¢, — arcsind, (P, F)
arcsinbpc,,, > arcsinbpc; — arcsind,(Ciy1,Ci),
whence
arcsinbp,c > arcsinbp, ¢, — arcsind, (P, Py) — arcsin 4, (Cit1, C;)

i1
> arcsinbp, ¢, — arcsin||T' (P, C;) — T'(Fy, C;)||oo — arcsind, (Ciy1, C;).

To ensure that C;1 stabilizes P we need to ensure that arcsinbp,c,,, > 0, which is achieved provided

i1

arcsin (S,, (Cz'+1 ; C,) S arcsin bpo,ci — arcsin ||T(P, CZ) — T(Po, Cz)”oo

As remarked above, this is a sufficient condition. A more complete answer is available, given in Theorem 3
below. Suppose that we have the following coprime factorizations,

C; = N;D; ' = D; ' N;, both normalized,
P = XOYE)*l = }7;)*1)2'0, not necessarily normalized.
Since C; stabilizes Py we may also choose the fractional descriptions of Py such that without loss of generality,

.D,'YE) + NiX() = Y/E)Di + XoNi =1.
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Since P is also stabilized by C;, we may write it as
P = (Xo — D;R)(Yy + N;R)™!, for some (unknown) R € RH

Now, from (11), we may write

TP G - (ﬁj)(ﬁ%+mxo)‘l(m D,-)z(iff)(m 5 ).
Xo—D;R
Yo+ N;R

Xo — DiR o
(YE()]-l'NiR)(Ni D,.).

T(P,C) = ( ) (DiYo + Mo + (8D~ DN)R) (N, By ),

It follows that

T(P,C;) - T(Py, Ci) = ( i )R( N By ). (21)

From (21) and the normalization property of both factorizations of C;, there holds
IT(P,Ci) = T(FPo, Ci)lloo = [|R|loo-

The Youla-Kucera parameter, R such that ||R||c < €, generates the whole class of systems which satisfy
|T(P,C;) — T(Po,Ci)|loo < €. Thus to this point, we have proved.

Lemma 1 Consider an unknown plant P and known model Py stabilized by a controller C; with corresponding
generalized sensitivity function matrices T(P,C;) and T(P,,C;). Suppose that Py = XoY; ' = Yy ' X, are
coprime fractional descriptions of Py, and that NiDi_1 is a normalized coprime fractional description of C; such
that YoD; + XoN; = I. Then the set of all P stabilized by C; and satisfying

IT(P,C;) — T(Po, Ci)llc <€
is given by
P = (Xo— D;R)(Yo + N;R)™', for R € RH o with | R« < €.

This leads us directly to the following corollary, which will be used shortly.

Corollary 6 Consider the two plant models, P; = XZ-Y[1 = f’i_lX} and Pjyq1 = X,»+1Y;1 = Yz+1Xz+1, which
satisfy Condition C and which both are stabilized by the controller C; = N,~Di_1 = E;IN,, with D;Y; + N;X; = I

and Y;D; + X;N; = I. Then we have

(51/(Pi+laPi) S ”T Hacl (PZ+1701)||00

()5 o),

= ||R; ||oo, if the controller coprime factorizations are normalized,

; (22)
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Likewise, suppose the two controllers C; and Ciy1, with C; = N»D*1 = f)*lN and Ciy1 = N,JrlDlJrl =
Dz+1N +1, satisfy Condition C and both stabilize the plant model Py 1 = XZ-+1YZ;1 = YZ+1X,+1 with D,+1Y +
NZ+1X =1 and YD,+1 + X; iNiv1 = I. Then we have

6,(Cit1,Cs) < T (Pit1,Ci) = T(Piy1, Cit1)ll oo
(5 Yoo ] o
z+1 o
= ||Qillco, #f the plant coprime factorizations are normalized. (24)

Now, to answer Problem 2 and because no information other than the magnitude of the difference between the
generalized sensitivity functions is available, we shall seek the set of controllers which is guaranteed to stabilize
the whole class of Ps defined by this difference.

Theorem 3 Consider an unknown plant P and a known model Py both stabilized by a controller C;. Suppose

that we are given a known bound on the differences between the generalized sensitivity functions
IT(P,Ci) = T(FPo, Ci)llc < e

Let Xy, Yy, Xo, Yo, N; and D; be as in Lemma 1. Then the set of controllers, Ciyy stabilizing Py which are
guaranteed to stabilize the class of all possible P satisfying this condition is given by

Ciy1 = (N, — YoQ)(Dz + X()Q)il, for Q € RHs with ||Q|| < el

Proof: First we search for one such controller, C;;;. Clearly, since C;y; stabilizes P, it has the coprime
factorization

Ciy1 = (Ni = YoQ)(D; + XoQ) ' = (Di + QXo) ' (N; — QYp),
for some @ € RH . Stability of the (P, C;11) feedback interconnection is determined by whether the following
rational function is a unit:
(Di + QXo)(Yo + NiR) + (N; — QY0)(Xo — DiR)
= (DY + N;Xo) + Q(XoYo — YoXo) + (D;N; — N;D;)R + Q(XoN; + Yo D;)R

= I+QR. (25)
In order that this be stably invertible for all R € R with ||R||e < € it is evidently necessary and sufficient
that [|Q|eo < €71 \AYAY,
Problem 3 — Moving between stabilizing controllers

The‘ addition of a metric, §,, onto the set of transfer functions means that we can seek to answer questions
regarding the properties of this metric space. In particular, if we consider the equivalence class of controllers
which stabilize a given plant, we might ask whether it is possible to move continuously between two members
of this class without leaving the class, i.e. whether this set is connected. A positive answer would legitimize a
strategy of moving between different controllers associated with two sets of experimental conditions, without
losing stability en route.

17



A more refined version of the question asks whether one can move by a series of small steps from an initial
controller to a final controller. Why is this an important question? Suppose P is an unknown plant, and we
have an initially stabilizing C. Suppose that if we actually knew P, we would use a controller C' to achieve a
performance specification. Then it is pertinent to ask whether in principle a series of identification and controller
redesign steps could get us from C to C, with the proviso that at any one step, the change of controller had to
be sufficiently small so that stability remained guaranteed. In answering this question, we shall see again that
the Youla-Kucera parameter and its connection to the v-metric via (15) of Corollary 5 provide a central tool.
The question is formally stated as follows.

Suppose we have a known plant P with two known stabilizing controllers C and C and known stability
margins bp.c and bp . Can we move from initial controller C to a final controller C by a sequence
of cautious steps? That is, can we develop a sequence {Co = C,Cy,...,C, = C} of controllers, all
stabilizing P, for which 6,(Cit1,C;) <bpg; fori=1,...,n.

We first establish that a solution exists to this problem and then show how to construct a solution. Since (P, ()
and (P, C) are internally stable, we have from Theorem 2 that we may write normalized coprime factorizations
P =XY~!=Y~'X, and coprime factorizations C = NoD,' = Dy ' Ny and C = (Noy =Y Q,,)(Do + XQ,) "' =
(Do + QnX')_l(NO - anf) with DoY + NoX = I. Here Q,, € RHoo is the Youla-Kucera parameter of C.
Further, since

_ X - ~
T(P,C) - T(P,C) = ( - )Qn< -7 X)),
and, since (X,Y) and (X,Y) are normalized, we may write
I7(P,C) = T(P,C)loc = |Qnlloo- (26)

From (7) we thus have 6,(C,C) < ||Qnllco- If we choose as our sequence of controllers C; = (Ng — Y Q;)(Do +
XQ;)™" where Q; = £Q,, then we have each C; stabilizing P and

1

The existence of a stabilizing sequence is therefore settled, although its computation relies on knowledge of the
plant P via its normalized coprime factors.

This sequence of controllers, {C;}, has the following property
IT(P,Ci)ll,, <max (|T(P,C)ll,||TPO).)- (28)

This follows by writing

IT(P,Colle = (;‘)(N ﬁo)+%<§>c}n(—% % )
- “;Z(if)(zvo DO)+%<§><N0—Q,Y Do+ @nX )
n—ia )
= - T(P,_)+ET(P,C)HOO
< FEITPO + CITP Ol
< max (IT(P,0)ll, |IT(P,CO)]..) - (29)
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Similarly, from (26) we have that

1Qullec = IT(P,C) = T(P,C)lloo < IT(P,C)lloo + IT(P, C)lloo- (30)

Suppose, without loss of generality and for the moment, that bpc < bpe. By (29), bpc < bpc, < bpe. If we
demand guaranteed safe steps between C and C, then we simply require that J, (Cjt1,C;) < bpc at each step.
This may be achieved by demanding 1 (|Qnllc < bpc or 1 > [|Qnlloo||T(P,C)||ls from (27). The argument is

trivially different in case bp o < bp,c. Appealing to (30), we see that we will achieve safe transition from C to
C provided we select

n > max (|T(P,O)|l., , |T(P, )| ) (IT(P,C)lloo + IT(P,C)llco) -

Designs where ||T(P, C)||e is large are non-robust; to work properly, very accurate models of the plant and
implementation of the controller are required. This result shows that the number of steps needed in a safe
iterative identification and control algorithm to yield a particular design grows as the square of the measure
of design difficulty. The equivalent result holds in describing the number of stages needed in direct controller
tuning with caution. This will be further illustrated in a following example.

We note that the above computations have required the use of a known normalized coprime factorization of
the plant P to generate the sequence of new controllers. In an adaptive control setting, again a sequence
of controllers is generated for a fixed P but this true plant is unknown. These above methods for cautious
adjustment of the controller can, however, still be applied using estimates of stability margins and estimated
normalized coprime factors of the plant, as described in Subsection 3.1.2.

Kammer and others [Kam98, KBB2K] develop methods to generate non-parametric plant models from closed-
loop experimental data using frequency response samples from Fourier analysis of signals. In this way they
are able to generate non-parametric descriptions of the plant and even of its coprime factors via sensitivity

functions. Thus we may write
1

P=P(I+CP)"x (I+CP)™")"",
so that knowledge of T'(P, C') may be interpreted as knowledge of the plant and its coprime factors. In the next
section we shall consider the application of the v-metric in cases where approximate models are provided by
successive identification tasks.

4.1 Controller Adjustment Example

Here we develop a computer example to illustrate some features of cautious controller tuning. The objective
chosen is to minimize ||T(P,C)||lc0, or equivalently to maximize the stability margin. The example treats an
unknown plant and two sequences of controllers, one of which converges to a local minimum of this objective
and the other of which finds the global minimum. We consider controllers parametrized by two parameters,
(p1; p2), and presume that the plant is unknown, but that the stability margins can be accurately estimated
using the methods of the Section 3.
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Consider the following open-loop unstable process:

0.12%(z —0.3)
P(z) = 31
(?) = =108z —02 5099 (- — 02— 0.99) (- — 0.6 £ 0.60) (- — 0.6 — 0.69 (B1)
B 0.123 —0.03 22 (32)
25 —2.682% +3.778 23 — 3.52222 + 2.025 2 — 0.661
This process can be stabilized by simple controllers under the structure
C(z) = L2 (33)

z+p2’

where p; and p, are the tuning parameters.

The controller starts with a set of stabilizing parameters, p = (p1; p2), and p is to be safely tuned towards the
point of minimum ||T(P, C;)||lec. At each iteration we measure the current stability margin, bp ¢,, and find the
complete set of controller parameters satisfying Vinnicombe’s criterion

0,(Ci, Cit1) < bp,c;- (34)

Within this set we select the one which minimizes ||T'(P, Ci+1)||oo using, say, gradient and Hessian information
together with the distance constraint of (34).

Figure 1 shows the evolution of the tuning procedure for an initial controller p* = (1; —0.9), which has bp,c, =
0.092. The image displays the following information:

e The axes measure controller parameters p; and po.

e For the above plant the boundary of the stabilizing region is depicted by a dotted line.
e The controller parameters which globally minimize ||T||« are indicated by a circle.

e The initial controller, Cy, parameters are marked with an ‘x’.

e The area bounded by a solid line is the complete set of parameters for controllers C; satisfying §, (Co, C1) <
bp,c, = 0.092.

e The area bounded by the dashed line is the set of controllers satisfying the frequency-by-frequency bound
as in Corollary 1.

e Within the class of controller parameters satisfying 4, (Co,C1) < bpc,, a diamond marks that which

minimizes ||T||co-

The initial stability margin is b o = 0.092 which limits the safe excursion of the controller parameters to a
small region around the initial point, delimited by the solid line. The frequency-by-frequency test is not much
less conservative. The point which minimizes the criterion ||T'|| is the initial controller for the next iteration,
as presented by Figure 1(b).

The tuning procedure continues until the parameters of the controller reach the point of global maximum of
the generalized stability margin, where p = (0.579; —0.680) and bp,c = 0.343. This is shown in Figure 1(c).

Figure 2 illustrates a similar sequence of controller adjustments commencing from initial condition p = (3.6;0.8).
Here we see that because the objective function ||T]| is not convex over the set of controller parameters, tuning
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Figure 1: Iterative controller tuning reaching the global maximum of bpc: (a) initial step, (b) second step, (c)
third and final step.

can occur to a local minimum instead of the global minimum. A contour plot of the objective function ||T'|| = b;,lo
is displayed in Figure 3 and shows the existence of two extremal points for this system.

The conservatism of the v-metric guarantees is indicated by the small size of the regions enclosed by both the
solid and dashed curves within the dotted stability boundaries in these examples. For points near the boundary
of the stability region, the guarantees are very limiting. However, as the controller moves to more internal
points, the limits relax. This is in accord with the normal expectation that controllers near to a stability
boundary need to be adjusted very cautiously.

We note also that the connectivity and convexity properties of controllers suggested by the solution to Problem 3
of this section no longer holds when the controllers are parametrized in the fashion of (33), rather than being
parametrized by Youla-Kucera parameter.

This computer example demonstrates that controller caution can be implemented to regulate the evolution of
a controller from its initial position towards a newly tuned value. There are no guarantees that the tuning
direction is good - that is not our subject here - but the cautious adjustment will maintain closed-loop stability.
If the tuning takes the closed loop away from a stability boundary then we expect to see the cautious restrictions
relaxed, as happens in the example.
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Figure 2: Iterative controller tuning reaching a local maximum of bp ¢ over four steps (a)—(d).

5 Joint Model and Controller Tuning

Iterative identification and control design is a descendant of adaptive control in which modelling stages are
interspersed with control design. Identification stages proceed using blocks of closed-loop data from an exper-
iment operating with the current controller and yield a new plant model. The control design phase uses this
model to generate a new controller to be used in the closed loop. Because both models and controllers change
during iterative identification and control design, while the true plant remains fixed, the opportunity arises to
apply the v-metric to the cautious adjustment of both phases. We shall actually see that the tunings of model
and controller are inter-related, as is foreshadowed in Problem 2 of Section 4.

5.1 Simultaneous Stabilization

Assume that we have an unknown true plant, P, a sequence of feedback controllers, {C;}, and a sequence
of plant models, {P;}, with C; designed to stabilize P;. Without loss of generality, we presume that the two
sequences are the same length. That is, at each iteration a new model is fitted and a new controller designed.
We further assume that the basis of model fitting is that the new model, P;;1, is selected to belong to the class
of plants stabilized by the current controller, C;. Observe that in the case of a controller C; having unstable
poles or non-minimum-phase zeros, this may require that some specific closed loop identification methods be
ruled out, as has been shown in [CAG2K]. The sequences of plant models and controllers satisfy the following
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Figure 3: Contour plot of bpc
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Figure 4: Simultaneous stabilization diagram for Joint Modelling and Control Design. Directed arrows indicate
stabilization.

property (depicted in Figure 4).

[Simultaneous stabilization property| Each plant model, P;\1, is stabilized by controllers C;
and Ciy1. Each controller, C;, stabilizes plant models P; and Pji1.

That model P;1, is stabilized by C;y; is a reflection of the property that model-based control design achieves
stabilization of the model. The assumption that P;y; is stabilized by C; is simply checkable, since both are
known to the designer. It may also be incorporated directly into the admissible class of models and the
chosen identification method, as we shall elaborate in the next subsection. This is particularly relevant in the
case of controllers with unstable poles or non-minimum-phase zeros where some of the standard methods are
guaranteed to give a model not stabilized by the current controller [CAG2K]. We shall discuss shortly and briefly
identification methods which estimate directly the Youla-Kucera parameter of a new model, P;;1, relative to
the current model, P;, and the simultaneously stabilizing controller, C;.
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Following from the above simultaneous stabilization, we have an immediate consequence of Theorem 2, since
this theorem describes the class of all stabilizing controllers or all stabilized plant models.

Lemma 2 Consider plant models {P;} and controllers {C;} satisfying the simultaneous stabilization property.
Denote their coprime factorizations

P=XY7'=Y'X,, C;=N;D;'=D;'N;, (35)
where D;Y; + N;X; = I, and Y;D; + X;N; = I,. Then we may write the next plant model as
Pi1 = XipYih 2 (Xi = DiR)(Yi + NiR) ™' = (Vi + RiNi) "M (X — RiD;) £ Vi1 X, (36)
for R; € HEX™. We may write the next controller as
Ciy1 = Niy1D; Y 2 (N; = Yi1 Qi) (Di + Xit1Q:) ™' = (D + QiXiyp1) H(N; — Qif’iﬂ) DiNNiy1,  (37)

for Q; € HL*P.

Lemma 2 describes the class of all possible plant models and controllers satisfying the simultaneous stabilization
property. The sequences of plant models { P;} and controllers {C; } satisfy the simultaneous stabilization property
if and only if their left coprime factorizations as in (35) satisfy,

Xiy1 —Di Xz- Di \ [ In Omxp 58)
Yipn N; R; I, ’
Xit1 —Dip Xit1 —D; I, —Q; (39)
Y;—i—l Ni+1 z+1 Opxm Ip
Im Omxp Im _Qi (40)
R; I, Opxm I
( )(I” o) w
R, I, R;Q;

Equivalently, we may write these conditions in terms of right coprime factorizations:
Ni—{—l Di+1 Im Omxp Nz [)z (42)
_Y'i—i-l Xi+1 pxm _Ri Im Y Xz
_ I — QiR Qi ~3‘ ';i (43)
—R; I, =Y X;
We note that the latter result of (42) may be established from the property that

Xi _ffi Ni Y; — Ip Opxm
D; N; -D; X; Omxp Im

Indeed, stability of the closed loop is implied by these matrices of coprime factors above being invertible in
RH -
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(Piy1,C5) (Pit1,Ciy1)

Figure 5: Commuting diagram illustrating the Tay, Moore and Horowitz problem, ¢f Figure 4. The distinction
with the Simultaneous Stabilization Property is that C;y; is computed from C; and P, while Ci,; is computed
from C; and P;.

The result of Tay, Moore and Horowitz

If, instead of asking that the model sequence {P;} and controller sequence {C;} satisfy the simultaneous stabi-
lization property, we recast the same question with regard to the actual plant, then we arrive at a variant of
the result of Tay, Moore and Horowitz [TMH89].

The simultaneous stabilization property deals with plant models stabilizing pairs of controllers and vice versa.
Thus pairs (P;, C;), (Pit1,C;), (Piy1,Ciq1) are assured stable with interlaced adjustment of P; and C;. The
problem considered in [TMHS&9] is,

Given that the model P; has been adjusted using Youla-Kucera parameter R; to Pi 1 so that (P;,C;)
and (Pi;1,C;) are stable, and given that the controller C; is adjusted using Youla-Kucera parame-
ter Q; to Ciy1 so that (P;,C;) and (P;,Ciy1) are stable, what are the conditions that ensure that

(P,'+1, Ci+1) is stable?

The elegant solution is that stability of (P;41,Ciy1) is assured if and only if I + Q;R; is a unit, i.e. if Q;
stabilizes R; in a feedback loop. This is depicted in Figure 5 by the dashed line representing the stabilization

of the altered model, altered controller pair (P;y1,Ciy1).

This condition is easily derived by considering the (P;;1,C;y1) closed-loop denominator.

Dit1Yip1 + NijiXipn = (Vi — QiY)(Xi — DiR;) + (D; + Qi Xi)(Yi + NiRy)
= I+ Qle
Since Q; and R; are stable by construction, I + Q;R; represents the denominator of the (Q;, R;) closed loop.

The simultaneous stabilization property differs from the [TMH89] set-up because of the interleaving of modeling
and control design, i.e. the controller C;;; is a Youla-Kucera variation on C; using P;;1, not P;. If we denote
the linear fractional transformations of [TMH89] above by £, then we have

-Pi-‘rl = E(-PMCMRZ)7 ci-i—l = ‘C(Ch ‘Pi7 Qt)7
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while our formulation has
f)z'+1 = ,C(.Pz, Ci, Ri); C'i+1 = ‘C(Cz; P’H-la Qi)a

and the simultaneous stability property is immediate whatever @); and R; are chosen in RH .

The related question to [TMH89] would be to ask whether C;;, stabilizes P;. We note without proof that this
follows provided I — R;Q; is a unit* As discussed in the proof of Theorem 3, one immediate way to ensure that
I — R;Q; is a unit is to ensure that ||Q;||co||Rilloc < 1, which may be interpreted as a joint restriction on the

available movement in model and controller.

Rather than considering the stabilization of the sequence of plant models by the controllers (which is assured
by the @Q;, R; double Youla-Kucera construction), a more significant question is to ask that the controllers Cj11
stabilize the real plant P. Then a variation of [TMHS89] provides the desired tool.

Theorem 4 Suppose we have the following coprime factorizations:

e the real plant P = XY~ =Y-1X,

e model P; = Xin._l = )7;._1)2} and stabilizing controller C; = N;D; = D;lﬁi satisfying D;Y; + N; X; = I,

Define the next model P;11 and controller C;y1 via the Simultaneous Stabilization Property and Youla-Kucera
parameters R; and Q; as in (38—43).

If controller C; stabilizes the real plant P in addition to both P; and P;+1, then P; and P;y1 may be written as
P, = (X-D;R)(Y + NiRi)fl = (f’ + Rz’Ni)fl(
Pi1 = (X =DiRiy1)(Y + NiRiz1) ' = (V + Ripa

where evidently R;y1 = R; + R;.

Controller C;y1 will also stabilize the real plant P if and only if I — Riy1Q; s a unit in RH .

X -D;
Proof:  The stability of the (P, Cjt+1) closed loop follows if and only if the matrix 1) is a unit
ool Y N

in RHs- We have
Xiv1 —Diyr _ X; —D; I 0 I -Q;
Yit1 Nipa S\ N R; I o I )’
X —D;R; —D; I 0 I —Q;
Y+NZ'R,' N; R, I 0 I ’
_ X -D; I 0 I —Q;
N Y N; Ri+R; I 0 I ’
B Y N; Ry, I o I )

4The change of sign here is due to the changing of elements in the commuting diagram Figure 5. (P;41,C;) is the top left,

(P;+1,Ci41) is the top right controller variation with parameter Q;. (P;,C;) is the bottom left plant variation with parameter
—R;. (P;,C;+1) is the lower right pair whose stabilization is under investigation.
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From the simultaneous stabilization property, we have that the left-hand side above is a unit. Similarly, from
the stability of (P,C;) we see that each of the matrices on the right is also a unit.

Now construct the test matrix for stability of (P, Cjy1).

X -Diq _ Xiy1 + DiRiy1 —D; — X1 Qi
Y Ny Yisin —N;Riy1 N —Yi1Q;

_ Xiy1 —D; I —Q;

B Yiii N; —Riy1 I

_ ( xi -D; I 0 I -Q

B i N; —“Rixn T )\ 0 I-RiQi )

The the left-hand side of the above equation will be a unit if and only if I — R;{,Q; is a unit. \YAYAY

Note the requirement that I — ;R;;; be a unit imposes a further condition on the allowed model and plant
variations. A good model of the plant would have ||R;;1|lc small and therefore admit larger ||Q;|| alteration
before running into a restriction due to stabilization guarantee if no other information is available about R;, ;.
This is entirely analogous to the circumstance described in Theorem 3.

Obtaining models stabilized by the current controller

Since system identification is being introduced, we now consider briefly one approach to ensuring stabilization
of the next model by the current controller.

An identification method to move in the class of models stabilized by the current controller is to express the
new model P;y; as a perturbation of P;, which is stabilized by C;, using the Youla-Kucera parameter. Such
methods have been investigated in [HFK89, Schr91, LAKM93] and use the previous model and controller to
yield signal filters for direct estimation of the true plant Youla-Kucera parameter, —R;. Note, however, that
the class of admissible R is RH o, so that R must be stable and proper.

These Youla-Kucera factor identification schemes guarantee that C; stabilizes P;;, since these latter models
are restricted to the linear fractional transformations which generate the set of all plants stabilized by C;.
The technical issue is then to ensure that the search for Youla-Kucera parameter, R, is limited among stable,
proper transfer functions. This can be achieved by judicious selection of model structure, for example, by
using finite-impulse-response (moving average) R [TMM97] or by using output error or Box-Jenkins methods.
Other direct methods for estimating normalized coprime factors of P from input-output data are considered in
[VSDB95, Gu99].

If the controller (or more likely its implementation) is not exactly known to the designer, then we may achieve
stabilization of the model by keeping the v-metric of model variation, &, (Pit1,P;), less than bp; ¢;, subject
to the satisfaction of the winding number condition C on the two successive models. To achieve this, we may
appeal to the duals of the ideas of Problems 1 and 2 in Section 4.

For our purposes here, the major aim is not to generate coprime factor models of the plant but to estimate
margins. However, the availability of (not necessarily normalized) coprime factor plant models could well provide
a distinct advantage in moving among the class of model-stabilizing controllers using Youla-Kucera parameters.
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We note, in summary, that the results of Theorem 3 help to delineate an approach to joint modelling and control
design which is capable of guaranteeing the simultaneous stabilization property of the {P;, C;} and the {P, C;}

sequences.

5.2 Cautious Iterative Modeling and Control

As indicated in earlier sections, iterative modeling and control design proceeds by successive steps of model and
controller update. Equally, we have seen from the earlier sections that the model fitting phase is necessarily
conducted to select a model within the class of P;; stabilized by the current controller C;, which stabilizes the
true plant P. (We shall return to consider how to ensure this shortly.) In the control design phase, we have
portrayed above Youla-Kucera methods to guarantee that C;;1 stabilizes P; ;. The fundamental question must
be then to ensure that this or a derived C;y1 also stabilizes P. For this we shall need to use the techniques
described in Problem 2 earlier and Theorem 4 above. The upshot of this analysis is that the cautious phase of
these iterative schemes needs to rest with the control update. The requirements of the model step is to capture
the closed-loop dynamics well.

An appropriate measure of identification error

We have dealt with the stabilization of the model by the controller. We now look at an appropriate definition of
the identification error. The identification objective should be to provide a model, P;, 1, first with the properties
that;

1. the performances of the feedback loops (P;+1,C;) and (P, C;) are close, and

2. there is maximum scope for designing a controller C;;+1 which stabilizes P;;; and also stabilizes the true
plant P.

According to Theorem 3, if we choose P;y1 to keep ||T(P, C;)—T (Pit1, Ci)|loo = € small, then we correspondingly
increase the size of the set of admissible C;;; which will stabilize P. We note that the identification objective to
minimize the co-norm of the error between the modeled and actual generalized sensitivity functions attempts to
capture the closed-loop dynamics of (P, C;) with the model. This is a closed-loop performance matching model.
Note also that Corollary 2 ensures that |bp,,, .c; — bp,c;| < 0, (Pit1, P) < €, so that for small € the model and
the plant will be v-close and exhibit similar stability margins with C;.

How might this identification objective be achieved? We have already canvassed in Section 3 some existing
methods for co-norm identification. These might be used here, although it is not clear how to parametrize these
solutions to yield efficiently the P11 component. We note also that co-norm model fitting is profligate in its
use of data. An alternative approach is to use more familiar least squared prediction error methods to minimize
|T(P,C;)—T(Piy1,C})||2 and then to use the methods of Section 3 to compute the value of the ensuing oco-norm,
€. Such a methodology for fitting P;1, has the advantage of available algorithms and well-understood behavior.
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Notice that we may write (after some algebra),

i

T(P,C;) — T(Piy1,C;) = ( ) (I 4+ PC;)™ (P — Pip)(I+ CiPiyq)~! ( c; I ) ) (44)
That is, the difference between generalized sensitivity functions may be interpreted as a version of the direct
closed-loop identification criterion of [ZBG95] weighted by the outer matrices involving C;. This, in turn,
suggests that a variant of standard system identification methods using closed-loop data be used.

Ensuring the controller stabilizes P

With a model minimizing ||T'(P, C;) —T(Pit1, C;)|| oo, Theorem 3 constructs the class of guaranteed P-stabilizing
controllers Cj 1 using the experimentally computed stability margin bp ;. A new candidate controller, C’,-Jrl is
computed using P;;1 and expressed as a variation of C; with Youla-Kucera parameter (); 1. Controller C;41 is
selected with parameter aQ;1 for a € (0, 1], subject to the stability guarantee.

Since the error between the generalized sensitivity functions is minimized by the identified model, the controller
class is maximal as measured by the co-norm of the control Youla-Kucera parameter. The incorporation of this
limit on the magnitude of the controller update (Youla-Kucera) parameter is Cautious Iterative Control. The
flexibility in adjusting the controller is limited by the quality of the model fit to the true plant as measured by
the oco-norm of the difference between generalized sensitivity functions.

6 Conclusion

The v-metric has proven to be a versatile tool in cautious controller tuning. Its interplay with the generalized
stability margin and the Youla-Kucera parametrization leads to powerful, and yet intuitive, mechanisms for
maintaining closed-loop stability as an initially stabilizing controller is tuned. These associations contrast to a
great extent, as the generalized stability margin can be estimated from closed-loop signals without the need for
a plant model, while the Youla-Kucera formulation demands complete information about the plant.

We have drawn together several threads;

e the Youla-Kucera parametrization to describe the class of all simultaneously stabilizing controllers for a
known plant,

e Vinnicombe’s v-metric formulation to describe the computable distance between two systems and its
relation to simultaneous stabilization via the stability margin,

e computation of the stability margin from experimental data, and

e interaction between modeling and control adjustment,

to yield approaches to the understanding and application of cautious controller adjustment. The objective of
this paper has been to provide methods for the use of closed-loop data for tuning a stabilizing controller with
an a priori stability guarantee. We have been able to do this for model-free controller tuning, controllers based
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on a fixed nominal model, and iterative modeling and control design. Part of the appeal of these methods is
their concordance with practical notions of permissible controller variation and model selection when current
closed-loop performance is taken into consideration.
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